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Introduction

This document is an elementary introduction to the theory of group representation for solid mechanics.

The aim is to provide the basic tools for understanding methods based on the exploitation of symmetries in the mechanics
of materials and structures. Although these methods are very common in various fields of mathematical physics, they are
still little used in our scientific fields. As they are little used, they are little taught and as they are no longer taught, they

are no longer part of the methodological toolkit of the solid mechanics researcher/engineer.

The presentation is informal and we refer you to the specialist literature for further developments and for proofs of the
various results we will be presenting.

One of the difficulties with this approach is that the different concepts we are going to introduce have different names
depending on the community that uses them. This adds to the confusion when it comes to training in these methods.
Especially as some of the classic mathematical designations can be misleading to the mechanic. For example, nothing
obliges an isotropy subgroup to be isotropic.... The second pitfall is that examples that are obvious in one community may
be perfectly cryptic in another. This is particularly true for the study of symmetry, which is often treated in the literature

in relation to its applications in quantum physics.
In the presentation that follows, we have made the following choices:

o to illustrate the different notions about objects that are specific to our community;

o to give the different names of objects when these vary from one community to another.
The main bibliographic references used for the redaction of this course are:

o Kosmann-Schwarzbach, Y. (2010). Groups and symmetries. New York: Springer ;
o Baker, A. (2003). Matrix groups: An introduction to Lie group theory. Springer Science & Business Media.
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Chapter 1 Fundamentals of Group Theory

[d Elementary Definitions A Lattice

The aim of this first chapter is to introduce the notion of group and the elementary properties of these objects. This will
also allow us to introduce the basic vocabulary and tools that will be used in the rest of this document.

We will essentially limit ourselves to notions and definitions concerning finite groups. This will avoid technical discussions
of little interest to our final objective. We will, however, make a few exceptions with the use of the orthogonal group,
which is a continuous group, but for which the notions introduced extend directly to the finite group.

In this chapter we will consider finite groups |G| < oo or orthogonal groups. Orthogonal groups are part of continuous
compact Lie groups which are a natural generalization of finite groups. Compact Lie groups will not be explicitly defined
here and authors refer the curious reader to any representation theory textbook for more details.

In the following, the example of the symmetry group of an equilateral triangle has been chosen to illustrate the various
definitions.

1 Elementary Definitions

1.1 Groups and subgroups

A group (G, x) is a collection (or set) of elements G = {g1, ..., g, } together with an operation (*) with respect to which
the set is closed, i.e. it maps the set to the set.

Definition 1.1 (Group)

A set (G, *) is a group if:
o closure: forany g, h € G, gxh € G;

o associativity:
(gxh)xk=gx(hxk), ghk €G;

o identity element:
Jdee G,Vge G, suchthat exg=g*xe=g;

o inverse elements:
Vge G, dhe G, suchthat gxh=hxg=e.

The element h, inverse of g is denoted g~ ".

&

Depending on the context, the internal law can be expressed additively (G, +) or multiplicatively (G, x ). When the

context is clear, only the set of the group will be indicated and the notation gh will be used instead of g * h.

The identity element e is unique, and the inverse g ! is unique for each g € G. It is possible for the inverse
element to be the same as the element which it inverses (meaning h~*h = hh = ¢). This is the case for mirror symmetry
elements of a symmetry group, for instance.

Notations: We introduce here some notations which will be used throughout this course.

e 1, indicates a rotation in R2 of angle 6 = 27”;
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o 1,(n) indicates a rotation in R? of angle § = 2?” along the axis n;
e 7, indicates a mirror symmetry through the line normal to n.

Example 1.1 Consider the symmetry group of an equilateral triangle in the plane. The isometries that leave the
equilateral triangle unchanged are the identity (i.e. not changing anything), two rotations r3 and r3 of angles %ﬂ
and %’“, respectively and three mirror symmetries, 7r, 7w(2) and 7v(®). They are illustrated on Figure 1.1. This group
is composed of the following elements:{e,r3, r3, 7, 72 7}

/

Figure 1.1: Isometries of equilateral triangle in the plane.

The elements of a group can be expressed in different manners, for instance the following set is equivalent to the

former {e,r3,r3, w, rymw, rim}.

Example 1.2 We can look at a more algebraic example by considering the eigenvalues of a symmetric matrix R of

dimension 3.

S O 9
o W O

0
0], witha<f<ry.
Y

The transformations which permute these eigenvalues form a group denoted by G35 which the symmetric group of
permutations over 3 symbols. The transformation that permutes « and 3 is denoted (12) since it the first element

and the second are exchanged, applying this logic to all permutation of («, 3, ) we obtain

set || (a,B,7) | (By,v) | (7,8,0) | (,7,8) | (B,7,2) | (v,a,8)
cycle e (12) (13) (23) (123) (213)

This group is composed of the following elements:{e, (12), (13), (23),(123),(213)}. Although it may seem
different at first glance, this group is in fact the same as the one that leaves the equilateral triangle invariant. This
can be seen by labelling the vertices of the previous triangle with «, 8 and ~y. The notion of group isomorphism,

introduced in the next section, will clarify this point.

In these two examples, we are in fact analysing groups not as an abstract entity but as a set of transformations
acting on an object, in this case a triangle or a matrix. This is a very classic approach, and its systematic study is called
representation theory. We’ll come back to this in a later chapter.
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Definition 1.2 (Order)

The number of elements of the group G is called the order of the group and is written |G|. If |G| < oo the group is
said to be finite.
s 3
Definition 1.3 (Subgroup)
A subset H C G which is closed under the product of G is also a group. It is a subgroup H of G denoted H < G. &

G always contains two subgroups, called the trivial subgroups, which are the group G itself and the subgroup reduced to
the identity element {e}. A non-trivial subgroup H of G is said to be a proper subgroup.

‘We have the following elementary theorem relating the order of H to the order of G:

Theorem 1.1 (Lagrange)

IfH is a subgroup of G. |H| divides |G|, so the index of |H| in |G| is an integer.

This index of H in G is usually denoted by [G : H] or %

1.2 Homomorphism

The transformations which preserve an object depend strongly in their expression on the nature of the object considered:
geometric figure, vector, function,. . . However, the rules that bind the composition of these transformations can be identical
despite very different contexts. The notion of an abstract group focuses on the identity of relations within a set, without

any contextual interpretation.

To study the relationships that exist between different groups, we need to introduce the notion of homomorphism, i.e.
applications between two groups that preserve their group structure. This gives rise to the notion of isomorphism, which
makes it possible to identify when two groups defined in different contexts correspond to the same abstract group.

Definition 1.4 (Homomorphism)

A homomorphism « is a mapping that respects the group structure between two groups G and H such that
a:G— H:

a(g192) = e(g1)a(g2), Vg1, 92 € G s

Note In addition, a homomorphism always maps the identity element eq € G to the identity element ey € H, as
alea)a(g) = alecy) = alg) = enalg), Vg € G

A bijective homomorphism between two groups can sometimes be defined. In this case, the mapping is called an
isomorphism. If such isomorphism between G and H exists, the two groups are called isomorphic.

Example 1.3 In the previous example, we said that the symmetry group of the equilateral triangle and the group of
permutation of the eigenvalues of a matrix of dimension 3 were identical. This can be formalised by constructing
the isomorphism o« : D3 — &3, where G3 is the symmetric group of permutations over 3 symbols, as follows

g e| ™ | 7@ | 7B | r3 r2
alg) e | a2) [ (13) | @3) | 123) | (213)

Definition 1.5 (Automorphism)

If an isomorphism maps G to itself then it is called an automorphism of G. We call Aut(G) the set of all

automorphisms of G.

&
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In particular, the automorphism defined by ay(h) = ghg™?, is called an inner automorphism or a conjugation. There
exists as many inner automorphisms for a group as elements in the group.

1.3 Basic properties

An important property, to begin with, concerns the commutativity of the law of internal composition.

Definition 1.6 (Abelian group)

A group (G, *) is said to be Abelian, or commutative, when the internal composition law of the group is commutative,
ie.

Va,b € G, axb=>bxa.

The elementary properties of a finite group can be read from its Cayley table. This is a table in which all the possible
products of all the elements of the group are given. This is also known as a multiplication table, with the subtlety that
the group law may not be commutative, unlike classical multiplication. It results that, if the Cayley table is symmetric, the

group is Abelian.

o In a Cayley table, each row/column contains 1 and only 1 copy of each element of G.

o Many properties of a group — such as whether or not it is Abelian, which elements are inverses of which elements —
can be read from its Cayley table.

o A Cayley table is uniquely associated with an abstract group. As such, by looking at a Cayley table, a group can be
identified.

Example 1.4 Consider G = {g¢1, g2, g3 }, the Cayley table of this group is presented as follows:

‘ 91 92 g3
91|91 92 g3
92 | 92 93 g1
93 | 93 91 G2

Elements g;, of the table are obtained as g;g; = g, with g; the element in the line 7, and g; the element of the
jth-column. On this particular example:

o ¢ is the identity element e;

o the table is symmetric hence the group is Abelian;

o any element can be generated from go, which verifies g5 = e.

Hence this group is isomorphic to the abstract group Zs.

Exercise 1.1 Construct Cayley tables for D3 and &3. Check that these two groups are isomorphic.

1.4 Generating sets

It can be observed that, using the internal law, the complete set of elements of a group G can be generated from a restricted
set of elements P C G called the set of generators. This means that each element g € P can be written as a product of a
finite number of elements! of P. A set of generators is said to be minimal if none of its subsets generates G. We denote
by < g, h,... > the group generated by g, h, .. ..

Generating sets, even minimal ones, are not uniquely defined and so cannot be used to compare different groups.

IThis must be understood modulo the multiplication by the identity to any power.
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It should be noted that it is customary in some physical communities to define groups in terms of a non-minimal
set of generators mostly for practical computational reasons. In what follows, and unless explicitly stated, the sets of

generators will always be minimal.

Elements multiplied by themselves can be expressed as element powers as follows:

9 =99, 9°=999,....9" = g9" "

The order of an element is the smallest n such as g = e. The group of order n generated by < g > is said to be cyclic.

Definition 1.7 (Cyclic group)

The abstract cyclic group, denoted Z.,, is the monogeneous group of order n.

It can be directly checked that cyclic groups are Abelian. The converse is false, but cyclic groups are essential ingredients
for generating any commutative group?.

Example 1.5 In the context of linear isometry of R2, Z,, is used to model the rotational invariance of a figure since

< ry, > is isomorphic to Z,,.

Example 1.6 A less standard example is the following. Let S?(R¢) denote the space of symmetric second order
tensors and £(S?(R%)) denote the space of linear applications on S*(R?). An element T € L£(S?(R?)) is a
fourth-order tensor which, when expressed in components with respect to a basis, exhibits the following index
symmetries:

Tijkt = Tiirr = Thak = Tijik.-

These so-called minor symmetries can be indicated as 7{; ;) (k1) where the notation in parenthesis (ij ) is used to
indicate a permutation symmetry of indices ¢ and j. The set of index permutations letting a tensor invariant is

called the index symmetry group, in the present case this is an Abelian group isomorphic to? Zy X Zs.

~(12)
w3 (34) ,

Figure 1.2: The index symmetry group Zs x Zo generated by the transposition (12) and (34)

“This group is also known as Klein’s group or Vierergruppe. We can see that this group is isomorphic to D2, but that it is commutative, unlike
the higher-order dihedral groups.

There is another very important elementary abstract group, which is known as the dihedral group.

Definition 1.8 (Dihedral group)

The abstract dihedral group, denoted D, is a group of order 2n generated from two elements p, q verifying the

following presentation

P'=¢"=e pg=qp ! s

2The fundamental theorem of finite Abelian groups states that every finite Abelian group G can be expressed as the direct sum of cyclic subgroups of
prime-power order.
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The last relation in the presentation of the group indicates that dihedral group are not commutative for n > 2.

It is important to distinguish between the abstract structure of a group and its interpretation in a particular context.

For example, in the context of linear isometries of R?, we can consider

o the m-angle rotation, denoted ro, an operation with determinant +1;

o the mirror transformation with respect to 1, denoted w(n), with determinant -1.

They generate, respectively the following groups of order two: < ry >= {e,r2} and < w(n) >= {e,w(n)}. Ina
particular physical context, these groups can be given different names to insist on their content. Here the following
notation are customary

<1y >="7o, < TF(Q) >= D,

but as abstract groups they are identical and isomorphic to Zs. So, to insist, the abstract notations of groups insist on the

algebraic structure of the generators and not on the interpretation they have in a given context.

Example 1.1 (Continued) Back to the continued example of the equilateral triangle, its symmetry group is the
dihedral group D3 of order 6 and generated as
D3 =<r3,m™>

The generators satisfy the presentation relations:

rgze, w2 =e, r37r:7rr§1

The group D3 possesses 6 subgroups that are presented below:
o The identity group is the only subgroup of D3 with order 1:

Zy ={e}
o There are three order 2 subgroups. They are generated by one of the mirror symmetries:
Dgl) =<7 >={e, 7}, D?) =<7 >={e, 7P}, D§3) =<7 >= {e, 7}
All these groups are isomorphic do the abstract group Zo but are named differently due to their different
physical content. The parenthesis exponents are used to differentiate these groups with respect to the mirror
axis used to define their reflection operation.
o The only order 3 subgroup of D3 is the Abelian group generated by the rotation of angle 2?”:

Z3 =<r3 >={e,r3,r3}

The structure of the group D3 is detailed in the Cayley table presented Table 1.1.
One can observe that the Cayley table is not symmetric and, as such, the group Dg is not Abelian (or cyclic). It
can also be observed that the inverse of element r3, rs 1, is in fact the element r%.

e r3  r3 x @ 70

e e r3 13 r 72 70

rs rs r3 e w3 g0 7@

r3 r3 e r3 w2 76 7O
m x 7@ 76 e r3 r3
2 | 72 7B F@©) r’ e rs
a® | 76 7O 7@ g r3 e

Table 1.1: Cayley table of group D3

It can be observed on this table that if the product of two rotations is a rotation, the product of two mirrors is not a

mirror.
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Example 1.4 (Continued) Let’s return to the example of tensor index symmetries. Let S?(S%(R?)) denote the
space of symmetric linear applications on S?(R?). An element T € S?(S?(R?)) is a fourth-order tensor which,
when expressed in components with respect to a basis, exhibits the following index symmetries:
Tijrt = Tiirt = Tiuk = Tijik = Thiij = Thije = Tiki; = Tikg
These so-called minor and major symmetries can be summarised as 7;;y (x1), where the underlined notation stands
for permutation symmetry with respect to the underlined set of indices, meaning that permutation of set of indices
17 with set of indices k! leaves the tensor unchanged. This major symmetries is encoded by the double transposition
(13)(24). The set of index permutations letting a tensor invariant is called the index symmetry group, in the
present case this is a group isomorphic to D4, which is of order 8. The following generators can be considered
p=(1324), q¢=(12)
The generator p is the 4-cycle permutation such as 1 — 3 — 2 — 4. Its successive actions on the word ¢jk is

given by the following sequence:
ikl 2 klij 2 jilk 2 1kij & ijkl
this operation verifies p* = e. The generator ¢ is the transposition 1 — 2:
ikl 2 ikl L ijki
this operation verifies ¢> = e. The last relation (pg)?> = e can easily be checked. The transformations can be

illustrated on the following figure.
(13)(24)

(12)\

Figure 1.3: The index symmetry group D, of the elasticity tensor

Note that in elasticity the following generators are used instead
L=(13)(24), q=(12)

but these make the D, structure less obvious for the example.

1.5 Structure of groups

The structure of a group can be very rich and does not reduce to the sole collection of its subgroups and elements. One
immediate observation is that not all the elements are equivalent, since their order generally differs. The same observation

can be made for the set of subgroups.

To make this observation rigorous, we are going to introduce the notion of anequivalence class. This notion allows us
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to partition the elements of a group into disjoint sets with respect to a chosen notion of equivalence. Two equivalence
relationships will be examined below

1. cosets classes ;

2. conjugacy classes.

Let begin by introducing the definition of an equivalence relation

Definition 1.9 (Equivalence relation)

A binary relation ~ on a set X is said to be an equivalence relation, if and only if it is reflexive, symmetric and

transitive. That is, for all a, b, and c in X
(reflexivity) : a ~ a;
(symmetry) : a ~b< b~ a;

(transitivity) - a ~b,b~c=a~c

Given a set X and an equivalence relation ~ on X, the equivalence class of an element a € X denoted by
[a] ={x e X :z ~a}

[a] is the set of elements which are equivalent to a. Equivalence classes form a partition of X, meaning that any element
x € X belong to a unique class3.

1.5.1 Coset decomposition

A subgroup H of a group G may be used to decompose the underlying set of G into disjoint, equal-size subsets called
cosets. There are left cosets and right cosets. Cosets (both left and right) have the same number of elements as does H.
Furthermore, H itself is both a left coset and a right coset. The number of left cosets of H in G is equal to the number of
right cosets of H in G.

Definition 1.10 (Left Coset)

Consider H a subgroup of G. The elements of H are denoted {h, ha, ..., hy}, withm = [H|, while 1,72, ... be

the remaining elements of G ¢ H. The set
Tk:H = {rkh17 Tkh27 e 7rkhm}

is the left coset of H with respect to the element ry,.

The notion of right coset is defined as Hry, in a similar way.

Two elements being in the same left coset defines a natural equivalence relation.

Definition 1.11

Two elements x and y of G, are said to be equivalent with respect to the subgroup H if tH = yH. The equivalence

classes of this relation are the left cosets of H.

&

The equivalence classes for this relation are defined as
[a] = {z € G|z € aH}
In the former definition a is said to be the representative of the coset.
It should be noted that in general the cosets are not group.

Property Some properties of cosets:

3The set of classes constitutes an disjointed covering of X .
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o every element of G appears either in H or in one of its ri.H;
e no element can be common to two different cosets of the same subgroup;

@ no coset can contain the same element more than once.
All of these properties results from the fact that the equivalence classes generated by the cosets form a partition of G. As
a consequence we have the following left coset decomposition of G:

G:HUTlHU...UTpH

Example 1.7 Let G be a finite group acting on a figure with symmetry group H, with H < G. Some elements
of G will transform the figure, others will leave it invariant. It is often important to know the action produced by
elements of G on the figure. The left cosets indicate how the transformations of G are viewed by a H-invariant
object.

For instance, consider the action of G = Dg on an equilateral triangle whose symmetry group is H = D3. Elements
of D3 are

2 2
D3 ={e,r3,r3, w,r3mw,r3mw}
And the decomposition of Dg into left cosets gives Dg = D3 U rgDj3. In fact, the operations in Dg are classified
according to their action on the figure
2 4 2 4
le] = {e,rg, rg, 7, rgm, rg}

[rG] = {r67 rg; rga rem, I‘gﬂ', I'gTr}

Example 1.8 The group acting on the indices of a 4-th order tensor is the symmetric group G4, which is a group
of order 24. The index symmetry group of the elasticity tensor is the group D§'* generated by

p = (1324), ¢ = (12).
We have [G,4 : D§'*] = 3 and we can carry out the left coset decomposition
64 = D§? U (23)DS U (243)DSle
In particular, we can deduce that the following permutations of the elasticity tensor are inequivalent:
{Cijri, Ciji, Cirjic }

In fact, if we want to symmetrise C we will do so on these permutations.

The previous examples shows that when acting on a mathematical object on the left, the left cosets decomposition
is more natural than the right one to factorise the action.

Most of Computer Assisted Softwares (CAS) possess functions to compute coset decomposition. The most powerful
software for group manipulation is GAP, but most of the computation can be done with Mathematica or Mapple.
1.5.2 Conjugacy classes

Another way of partitioning the elements of a group is to join elements of the same nature together. This idea is formalize
by the notion of conjugacy.

Definition 1.12 (Conjugacy)

Two elements g, h € G are conjugate, g = h, if there exists a group element that satisfies

e G, g=dhd!

When said with the hands, transformations that differ only in their orientation within the group are lumped together. For
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instance, all mirrors in the symmetry group D3 belong to the same conjugation class, because they differ only in the
orientation of their characteristic plane. Beware however that if one considers the symmetry group of a regular hexagon,
the mirrors with axis passing through the vertex are in a different conjugation class as the ones with axis massing through
the middle of one side. Similarly, rotations of a given order constitute a conjugacy class, since rotations differ only in the
orientation of their characteristic axis.

Example 1.1 (Continued) Back to our continued example on the equilateral triangle.
The various (left) cosets of symmetry group D3 are the following:
o with respect to Dgl),
Ds = D" UrsDY UrZD

with
Dgn = {e, 7V}, r3D§1) = {r5,7®}, rngl) = {r2, 7@}

o with respect to D(Q),
Ds = D{? UrsDP UrZD?

with
DP — fe, 7@}, 1,D? = {ry, 7MW}, £2D® = (12 7B}

o with respect to D§3),

Ds = D{¥ UrsD® UrZD®
with
D(13) = {e,ﬂ-(s)}’ I‘3D(13) = {r3777(2)}7 I‘%D&S) = {r?’)’ﬂ-(l)}
o with respect to Zs,
D3 =735U 7\'(1)Z3
with
73 = {e,rg,l‘g}a 7T(1)Z3 = {71'(1),11'(2),71'(3)}

One can check the properties of cosets. For instance if one considers the cosets of D3 with respect to INg

)

, it can
be observed that all six elements of D3 are either contained in Dgl or in one of its cosets and that no element is
common to two different cosets.
There are 3 conjugacy classes for the dihedral group Dj:

o identity: {e};

o 2-cycle: {w() 72 7)1,

o 3-cycle: {r3,r3}.

The notion of conjugacy can naturally be extended from elements to subgroups.

Definition 1.13 (Conjugate subgroup)

Let H, K be two subgroups of G, H and K are conjugate with respect to G, denoted H ~ K if
K= {ghg '|hcH} = gHg™* forsomegc G

We have the following lemma which simplify the computation of conjugate groups

Let H, K be two conjugate subgroups of G,
K =gHg™! forsomegeG
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Conjugate groups are generated by conjugate set of generators, i.e.
K=<gpig™',....,gpag~ " >
with (p1,...,pn) a set of generators for H.
Roughly speaking, conjugate groups are identical up to the orientation of their generators.

© Even though conjugate groups are isomorphic, the converse implication is false. Consider, for instance, in the
context of plane symmetry, the group generated by a mirror transformation, denoted D and the group Zy generated by a

7 angle rotation. These groups are isomorphic, but not conjugate.

Agz 4\@2

=

(a) D2 (b) Dy
Figure 1.4: An example of figures having conjugate symmetry group.

Definition 1.14 (Subgroup-class)

The subgroup-class of a subgroup is denoted [H] where H C G is a class representative. That is

[H] = {gHg '|g € G}

the set of all subgroups of G that are conjugate to H. &

Subgroup-class induces a partition among subgroups of G, meaning that any subgroup of G belongs to exactly one these
classes.

/522 In the context of physics, subgroup classes are often referred to as symmetry classes. This is an important concept,
because it characterises the symmetry of an object independently of its orientation in space. In material science when
someone, for instance, said the elastic behaviour of the wood is orthotropic, this refers to the symmetry class of the

constitutive law, not its symmetry group.

Example 1.1 (Continued) Back to the dihedral group D3, its subgroups classes are the following:

o [1] ={1}

o [D1] = (D", DY, DY}

o [Zs] ={Zs}
One can check that, for instance, subgroup D§2) generated by < 7(2) >, has a generator which is conjugated to
the one of D;(1). Indeed, 7(?) = r37rs, withrz = (r2)~1.
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1.5.3 Factor subgroup

In this final section, we consider a situation in which the two previous decompositions meet. To that aim let us introduce
a very special kind of subgroup:

Definition 1.15 (Invariant or Normal subgroups)

A subgroup H of G is said to be a G-invariant, or normal, subgroup, denoted H < G, if
Vge G, gHg ' =H

&
Equivalently we have the property that, for H < G,
Vg € G, gH = Hg
meaning that the left and the right cosets are identical. We have the following helpful lemma
A subgroup of index 2 is always normal. O ’

Proof  Suppose H is a subgroup of G of index 2. Then there are only two cosets of G relative to H. Let s € Gr H. Then G can be
decomposed into the cosets H, sH or H, Hs , implying H commutes with s. Since Hh = hH for any A € H, we see that H commutes

with every element of G and hence is normal. (]

Definition 1.16 (Factor Group)

Let H be normal in G, H < G, the set of all cosets is a group called the Factor Group and denoted G /H. & ’

Proof  Let’s proove the factor set is in fact a group. Consider the left cosets of H,
G/H ={H,rH,...,r,H}
Consider the product of two elements
(’I“iH)(’I‘jH) = TiTjH = TkH
O

Example 1.1 (Continued) It can be observed that Z3 <1 D3. Since Zj3 is a subgroup of D3 of order 2, it is a normal
subgroup. It results that D3 /Z3 is a group called the factor group.

Factor group: Dj3/Z3 By definition
D3/Zg = {6Z3, 7T(1)Z3}

Hence
(7\'(1)Z3)(7T(1)Z3) = eZ3

and more generally

‘ D3/Zs H Zs ‘ w7 ‘
Z3 Z3 7T(1)Z3
71'(1)23 71'(1)23 Z3

Isomorphism Consider the group Zs defined by the following Cayley table

[ Zo | e |7 |

e e | ro

Iro Iro €

13
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And let the group morphism ¢ : D3 /Z3 = Z5 defined by the relation
¢(Zs) =e, ¢(xVZs) =r,

This provides the following isomorphism
D3 / Zg ~ ZQ

1.6 Composition of groups

In this section, we’ll look at different processes that can be used to create larger groups from smaller ones. The approach
can also be seen in the opposite direction, showing how to break up a large group as a collection of more elementary

groups.

Definition 1.17 (Direct Product)

The direct product of two groups (G, *) and (H, +) is a group denoted, (G x H, o), defined as
GxH={(g,h)| g€ Gandh € H}

with the group operation
(91,h1) © (92, h2) = (91 * g2, h1 + h2), Vg1,92 € G,Vhy,hy € H
Since G, H and G x H are groups, then (g1 x g2, h1 + ha) = (g, h) where g € G, h € Hand (g,h) € G x H. 2

Example 1.1 (Continued) Consider now the group Zs X Zs, this group is of order 6
Ly x Ly = {(ea e)a (ea I‘3), (ev rizi)v (r27 e)v (r2> 1‘3), (rQ’ I‘%)}

The following Cayley table is obtained:

’ Ty X 73 H (e,€) ‘ (e,r3) ‘ (e,r3) ‘ (ra,e) ‘ (ra,r3) ‘ (ro,13) ‘
(eve) (eve) (e’r3) (671%) (r2ve) (r27r3) (I‘Q,I‘g)
(e,rs) || (esrs) | (er3) | (eje) | (ra,r3) | (r2,r3) | (ra,e)
(ev I‘%) (67 I'g)) (ev e) (67 I‘3) (1‘2, I‘%) (1‘27 e) (1'2, I‘3)
(r2,¢) || (r2,e) | (r2,r3) | (r2,13) | (ee) | (esr3) | (e 13)

(1‘2, 1‘3) (1‘27 I‘3) (1‘2, I‘g) (1‘2, e) (e, 1‘3) (67 I‘%) (ev e)
(r2,r3) || (r2,x3) | (ra,e) | (r2,r3) | (er3) | (eje (e,r3)

It can be observed that this table is symmetric. Hence the direct product group is Abelian. Let denote rg =
(ra,13).Then, the element (r2, r3) appears to be the inverse of element rg as read in the Cayley table. Additionally,
one can see that r§ = e. As a consequence, the resulting direct product group is identified as Zg = Z3 X Zs.

In fact, we can note the following general property
Property The direct product of Abelian groups is Abelian.

We can see straight away that in order to generate non-commutative groups from commutative groups, something must
be added to the notion of direct product. The notion of direct product can be generalised to the case where the group

operation is more general. It is then called a semi-direct product.

Definition 1.18 (Semi-Direct Product)

Let G and H be two groups and define the homomorphism o : G — Aut(H). The semi-direct product of G
and H, written G x H, is defined as the group whose elements are (g, h) with g € G and h € H with the group
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operation:

(91, h1) (g2, h2) = (9192, hiag, (h2)), V91,92 € G,Vhy,ho € H 2

It is important to note that the semi-direct product is not unique as it depends on the choice of homomorphism o.

Two different homomorphisms can lead to non-isomorphic semi-direct groups.

If one chooses homomorphism « to be the trivial homomorphism,
Vge G,Yhe Hay(h)=nh
sending every g € G to the identity element of H then G x H = G x H.

Example 1.9 An example of a semi-direct product of two groups is the Euclidian group E(2) of dimension 2.
This group is composed of the translations, reflections and rotations of the plane. An operation (q,t) € E(2) is
composed of g € O(2), rotation about the origin or reflection about an axis passing through the origin, followed

by t € R? a translation. For a vector u € R? the operation (q, t) transforms u to:
u=(qt)lu=qu+t (1.1)
Furthermore, for (q1,t1)(qz, t2) € E(2):
(a1, t1)(qz, t2)u = qrqeu+ qits + t;

This combination represents a first symmetry operation (q2,t2) applied to vector u which created a vector v,
followed by a second operation (q, t1) applied to vector v. The group E(2) is the semidirect product of O(2) x R2.
The homomorphismis a : O(2) — Aut(R?), with aq(t) = gt and the group operation on R? is addition. Thus,
(a1, t1)(qz, t2) = (q1qz, tiag, (t2)) = (q192, t1 + qit2)

Example 1.1 (Continued) Consider now the group Zs X Zs, this group is of order 6. The chosen automorphism
for the semidirect product is the one that makes the non-identity element of Zs send any element of Zs to its
inverse, that is: o, (h) = h and oy, (h) = h™! for all h € Zsz. The group Zsy x Zs is composed of the same 6
elements as the direct group Zs x Zs but the Cayley table differs:

| ZowZs || (ee) | (ers) | (e13) | (ra,e) | (ra,rs) | (r2,13) |
(ev e) (ev e) (ev I‘3) (e’ I‘g) (1‘2, e) (1‘2, I‘3) (1'2, I‘g)
(e,r3) (e,rz) | (e,r3) | (e,e) | (ra,r3) | (ra,r3) | (ra,e)
(ev I‘%) (e7 I‘%) (67 e) (ev I‘3) (I‘g, I‘%) (1‘27 e) (1‘2, 1'3)
(r2,¢) (ra,e) | (r2,r3) | (r2,r3) | (e,e) | (e,r3) | (e,13)
(r2,r3) || (r2,r3) | (rz,e) | (r2,13) | (e,r3) | (e;e) | (er3)
(r27 r?’)) (r27 I‘%) (er 1‘3) (rQa e) (ea I‘%) (ev r3) (ea e)

This Cayley table is not symmetric anymore. Let denote 7 = (ry,r3). It can be observed that the inverse of this

element is itself: 2 = e. As a consequence, one can identify: D3 = Zo X Zs3.

2 Lattice of groups

The different subgroups of a given group have various relationships with each other, some are included in others, others
share only the neutral element. We will introduce here a tool that will underline these relationships. A partial order
relationship can be defined for groups and classes of subgroups, to formalise the way in which these subgroups are
organised. This provides a graphical representation of these connections. This representation is used in elasticity to order
symmetry classes, and has an even more important role in structural stability because it indicates possible symmetry
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transitions at bifurcations.

Let’s start by introducing the definition of a lattice on an abstract structure ruled with partial ordering:

Definition 1.19 (Lattice)

A lattice is an algebraic structure consisting of a set of elements L = {A, B, ..., Z}, and a partial ordering

relation, denoted <, satisfying the following properties for A, B,C € L :
o Reflexivity
VAe L, A<A

o Transitivity
ifA<Band B<C, thenA<C

o Antisymmetry

ifA<Band B< A, thenA=1B &

Remark A lattice is a partially ordered set (poset), meaning some of its elements may not be comparable (a £« b and
b £ a).

Partial ordering can be represented by a tree diagram where lines indicate partial relationships.

Example 1.10 In the case of the example lattice tree diagram presented Figure 1.5, the following ordering relations
hold H < E and H < G but F and G are not comparable.

Figure 1.5: Example of lattice tree diagram

2.1 Lattice of subgroups

The notion of lattice can be applied to group-subgroup relations. In this case, partial ordering can be represented by a tree
diagram where lines only join maximal subgroups and minimal supergroups. This type of partial ordering relation defines
a lattice of subgroups.

Definition 1.20 (Maximal subgroup)

A maximal subgroup H of G, is a subgroup H C G such that there does not exist K C G such that
HcKcG Y
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Definition 1.21 (Minimal supergroup)

A minimal supergroup H of 1 of G, is a supergroup H such that 1 C H and for which there does not exists K, 1 C K
such that
ICKCH Y

Example 1.1 (Continued) Back to Example 1.1 on the symmetry group D3 of the equilateral triangle in plane,
the maximal subgroups of D3 are Dgl), D§2), Df’), Z3. The minimal supergroups of 1 C D3 are the same groups:
Dgl), D§2), Dg?’), Zs. This is a degenerate case where maximal subgroups and minimal supergroups are the same.
This is due to the fact that D3 is a group of low order.

If one considers a bigger group such as Dg for instance, then its maximal subgroups are D3, (Dgi) 1=1...6), Zg
whereas the minimal supergroups of 1 C Dg are Zso, Zs, (Dgi) i=1..6).

The lattice tree diagram of group D3 is presented Figure 1.6.

Figure 1.6: Lattice tree diagram of group D3

2.2 Lattice of subgroup-classes

The same approach can be done with subgroup-classes instead of groups. However, we need another definition for the
partial order relationship since it would then have to be defined up to conjugacy relations.

Definition 1.22 (Partial ordering for classes)

Denote 3 = {[1],...,[G]} as the set of all subgroup classes of G. Then, we can construct a subgroup-class lattice

when the partial ordering is given
H] <[K], ifgHg ' CK

for some g € G. &

Example 1.1 (Continued) For D3, J = {[1], [D1], [Z3], [D3]} with

o [Ds] = {Ds}

o [Zs] ={Zs}

o [D1] = {D{", D, D’}
o [11=1{1)
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Figure 1.7: Lattice of subgroup-classes of [D3]

Example 1.11 For a more complex example, we can represent the poset of 3D elasticity symmetry classes [15].

@ isotropic: [SO(3

@ tetragonal: [Dy]

N

trigonal: [Ds] @ @ orthotropic: [Dg]

T

@ monoclinic: [Zs]

transversely isotropic: [O(2)] @

A

triclinic: [1]



Chapter 2 Fundamentals of Group Representations

[d Preliminaries A Character theory

A Composition, decomposition and irreducibility [ Extension to the orthogonal group

In the mathematical field of representation theory, group representations describe abstract groups in terms of bijective
linear transformations of a vector space V to itself; in particular, they can be used to represent group elements as invertible

matrices so that the group operation is represented by matrix multiplication.

Representations of groups are important in physics because, for example, they describe how the symmetry group of a
physical system affects the solutions of equations describing that system. Even when the studied system is nonlinear, as in

equivariant bifurcation theory [1].

In mechanics, this theory can be applied to the study of linear constitutive laws (material approach) [4, 15] and to the study
of the stability of symmetrical structures (structure approach). These situations will differ essentially in the choice of the
vector space representing the physics of the system under study:

Material case the vector space V will be a tensor space of order n constructed from R¢, where d is the dimension of the
physical space under consideration;

Structural case the vector space will be the configuration space of the structure under study and will have the form of a
Cartesian product of copies of R with n the number of degrees of freedom of the model under study.

Before getting to the heart of the matter, and given their importance for the rest of this section, we’ll start with a few
reminders about matrix groups.

Some classical references concerning this chapter are the following monographies:

o Baker, A. (2003). Matrix groups: An introduction to Lie group theory. Springer Science;
o Fulton, W., Harris, J. (2013). Representation theory: a first course (Vol. 129). Springer Science ;
o Serre, J. P. (1971). Représentation linéaire des groupes finis. Hermann, Paris.

1 Preliminaries

1.1 Matrix Group

Let M,, (k) be the set of m x n matrices with entries in k, here k is either R or C. We set M,, (k) = M,, ,, (k), the set of

square matrices of dimension n.

Recall the determinant function det : M,, (k) — k.

det : M, (k) — k has the following properties:
o For A, B € M,,(k), det(AB) = det(A) det(B);
o A € M, (k) is invertible if and only if det(A) # 0;
o det(I,) =1.

We use the notation
GL(n,k) = {M € M,, (k)| det M # 0}
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for the set of invertible n x n matrices. GL(n, k) is called the n x n general linear group. The following theorem states
that this set is indeed a group for the matrix multiplication.

The set GL(n,k) is a group under matrix multiplication.

Q
@ Note The group GL(n, k) is unbounded, hence it is not a compact group.
Remark In solid mechanics, the group GL(d, R) is used to define the group of homogeneous transformations [14]
From the general linear group, it is possible to define other matrix groups.
Definition 2.1 (Matrix Group)
A subgroup G < GL(n, k) which is also a closed subspace is called a matrix group over k. &

Among the various groups of matrices, the orthogonal group and the unitary group will be of key importance for our
subject.

Definition 2.2 (Orthogonal group)

The following set of matrices

0(d) = {Q € GL(d,R)|Q"Q =14}

in which QT is the transpose of Q is called the real orthogonal group. Elements of O(d) are called orthogonal

matrices. Y

The set of matrices encoding rotations of vectors in R¢ constitute a subgroup of O(d), denoted SO(2) and called the
special orthogonal group.

Definition 2.3 (Unitary group)

The following set of matrices

U(d) = {U € GL(d,C)[T U = I}

in which ﬁT is the conjugate transpose of U is called the unitary group. Elements of U(d) are called unitary

matrices. »

The group U(1) is the set of complex numbers z € C satisfying, Zz = 1, ie. the set of complex number of module 1.
Hence elements of U(1) can be parameterised as follows z = ¢, §# € R. The group U(1) is isomorphic to SO(2), the

special orthogonal group in two dimensions.

1.2 Basic definitions

Definition 2.4 (Group representation)

Let G be any group and V a k-vector space. A representation p of G on'V is a morphism from G into the general

linear group GL(V):
p:G— GL(V)

that preserves the group product, i.e. such that for each element g € G we have

o p(g192) = p(91) p(g2);
o plg™h) =plg)" "

o p(e) =1y.

&

Remark Sometimes the group representation is denoted by (p, V, G). When there is no ambiguity about G, or when the

20
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group is included in the name of the representation (e.g. the representation is called G-representation), we simply note
(p, V). When the morphism is clear from the context, we sometimes simply refer to the representation of G as V. This is
a fairly classic abuse of definition.

The dimension of a representation (p, V) is the dimension of the support space V, it is sometimes also called the degree
of p.

The choice of a basis for k-vector space V implies the classical isomorphism V ~ K™ with n = dimV. As a
consequence GL(V) ~ GL(n,k) meaning that group elements are described by invertible n X n matrices. When the
choice of the field is understood from the context, it will be omitted.

Example 2.11 A representation of degree 1 of a group G is a group homomorphism p : G — C*, where C*
denotes the multipmicative group of nonzero complex numbers. Since each element of G are of finite order, the
value p(g) are roots of unity.

Example 2.12 There exists a trivial unidimensionnal representation called the identity representation which is
the G-representation (p(¢), k)
Vg € G,pl9(g) =1

The kernel of the representation ker p(°) is in this case the whole group G. The image of p(®) is isomorphic to the
quotient group® G/ ker p(¢) = 1.

“This result is known as the first isomorphism theorem.

Example 2.13 Ela, the vector space of elasticity tensors has, in R3, the following structure

Ela ~ S%(S*(R?))
in which S?(V) stands for the symmetrised tensor product. This is a space of dimension 21, so the elasticity tensors
must be considered as vectors of dimension 21. And the transformation matrices are hence square matrices of
dimension 21x21.
This description is complementary to that of a 4th-order tensor, i.e. an object with 4 indices. In this latter view,

transformations will be tensors of order 8 which act on 4th-order tensors instead of square matrices of dimension
21x21 acting on vectors of dimension 21.

Example 2.1 (Continued) Back to the example of the symmetry group of an equilateral triangle, the following
mapping (p(*), R, D3) is a one-dimensional representation of D3 on R:

= Lo [

The kernel of the representation ker p(!) is here the group Zs. The image of p(!) is isomorphic to the quotient
group D3/Z3 = Zy. One can easily check that this representation preserves the Cayley table of the group Dj
presented in Table 1.1. This representation is known as the sign representation.

Another classical representation for D3 is the standard action on vectors of R3: (p(3), R?). With respect to a direct
orthonormal basis such as e; corresponds to the axis of the rotations, we have

(D [ e ] | E ] A ]
100 —1/2 —/3/2 0 —1/2 V3/2 0 1 0 0 —1/2  —/3/2 0 —1/2 V3/2 0

23 (g) 010 V32 —1/2 0 —V3/2 —1/2 0 0 -1 0 —V3/2 1/2 0 Vv3/2 1/2 0
00 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1

21
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Consider two representations (p(®), V,,) and (p(?), V) of a same group G. These representations are said to be equivalent
(or isomorphic) if there exists a linear isomorphism 7" : V, — Vg which "transforms" p(o‘) into p(ﬁ), that is, which
satisfies the identity

Vg € G, PP (9)T = Tp(g)

More formally Such a bijective linear map 7 is then said to be commutative. This property is also called interwinning or
equivariant and can be represented by the following commutative diagram for any g € G:

Vo ——>Vp
p((’)(g)i lp(m(g)
Vo —> Vg
When p(®) and p(®) are given in matrix form, this means that there exists an invertible matrix 7" such that
Vg € G, pP(g) =Tp ) (g)T~"

The equivalence can therefore be understood as a change of basis which links the set of matrices p() (g) to the set p#) (9).

It is interesting to define representations that preserve the scalar product.

Definition 2.5 (Unitary representation)

Let < -,- > be a scalar product on V. A G-representation (p, V) is unitary if and only if it preserves the scalar
product, that is:

Vg e G, Va,y €V, (p(g)z, p(9)y) =< =,y >

These representations, known as unitary, are defined from unitary matrices.
Property A representation of dimension n is said to be unitary if
Vg€ G, plg) € Un)
IfV is a R-vector space, the representation is said to be orthogonal instead of unitary, and the classical transpose
is used instead of the Hermitian one.

Given any Hermitian product, it is always possible to construct an unitary one by averaging it over the group elements,
this is the content of the following theorem:

Every representation of a finite group is equivalent to a unitary representation.
In this respect, it is not restrictive to assume that all our representations will be considered as unitary or orthogonal,

depending on the situation.

2 Composition, decomposition and irreducibility

2.1 Composition of representations

Representations can be combined to produce more complex representations. There are two basic mechanisms for doing
this:

o direct sum @;
e tensor product ®.

22
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This approach can obviously be seen in reverse, and we can wonder how a given representation decomposes into a collection
of simpler elements. We will return to this question, which is of fundamental interest, shortly.

Definition 2.6 (Direct sum)

Let two G-representations (p'®,V,) and (p*®), V) with dimV,, = n, and diim Vg = ng. The direct sum of
these representations, denoted p'® @& pP), is a representation (p(a) ®p® V. ® V) of dimension ny, + ng such

(@)
that (p') & p®) (g) = [ P 0(9) p(/;))(g)

Example 2.1 (Continued) Let’s go back to example Table 2.1. Note that the transformation matrices are block
diagonal. This indicates that the representation is the direct sum of a 2D representation and a 1D one, i.e.
V = R2 @ R. More precisely, (p(*),R3) = (p® @& p(9), R? @ R) with:

[ D [ e | Iy | |
0 (g) 1 1 1 1 1 1
e)(g) 10 —1/2 —/3/2 -1/2  V3/2 10 —1/2  —/3/2 —1/2 /32

P o 1 V32 —1/2 V32 —1/2 0 -1 V32 12 V32 1)2

The form of p(?) (r3) indicates that the decomposition cannot be continued, at least in R. The representation p?

™ ‘ r3m ‘ rim ‘

is sometimes called the standard representation. This representation is faithful since ker p(?) = 1.

Definition 2.7 (Tensor product)

Let two G-representations (p'®),V,) and (p'?), V) with dimV,, = n,, and diim V5 = ng. The tensor product
of these representations, denoted p'® @ p'P), is a representation (p(o‘) RpB® Vo, ® Vg) of dimension nong such
that, in index notations, one has

vgeQ, (0@r®)  (9)=pP@re), 1<ik<na, 1< IL<n .

Example 2.1 (Continued) Consider the standard representation (p(?), R?, D3) as defined above Let B = {e;, e, }
be an orthonormal basis of R2, and consider the space of second-order tensors V = R? @ R? with elements

A = Ajje; ®e;. The transformation of A by g is a new tensor (active point of view) A = A¥je; @ e, with

* 2 2
A% = oijal(9)Ar = £33 ()07 (9) Ar
Note that this expression corresponds to the well-know transformation rule:
A* _ QAQT
Thanks to the tensor product, we have built a representation of D3 on the space of second-order tensors:
(g = p(2) ® p(2)’R2 ® R2)
Now let’s consider the following orthonormal basis for V
E1 =e; ®ey, Ez =€y ® ey, Eg =e; ® ey, E4 =e, e

with respect to this basis we have the following matrix representation of the element rs

1/4 3/4  V3/4  V3/4

3/4 1/4  —/3/4 —/3/4
—V/3/4 V3/4 1/4 —3/4
—V/3/4 V3/4 —3/4 1/4

[o(rs)] =

It is common to define the symmetrised tensor product in the case where both representations are identical and act
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on a vector space V of dimension n. This symmetrised tensor product, denoted ®°, is defined, in index notations, as:

s 1 .-
(p® p)z]kl = 5 (szpjl + pilpjk)a 1 < 1,7, k7l <n

where the explicit dependance in the element g € G has been omitted for the sake of simplicity.

Example 2.1 (Continued) Consider the space of symmetric second-order tensors V = S?(R?) which is of

dimension 3. The transformation of S by g is a new tensor S* = Siie; ® e, with

S5 = 0ijki(9) Sk = (P(Q) ®° ,0(2)) " Sk
ij
Let define the following orthonormal basis for V:

V2

El=e®e, Ey=e,®e, E3 = 5 (e) ®ey+e,®ey)
This correspond to the well-known Kelvin representation of elasticity tensors. With respect to this basis we have
the following matrix representation of the element rs
1/4 3/4  6/4
o)) = | 3/4  1/4 G/
—6/4 V6/4  1/2

2.2 Irreducible representations and Schur’s Lemma

As mentioned above, we can reverse the approach and try to decompose a given representation into a direct sum of
more elementary representations, until we reach an elementary level for which we can go no further. The representations
appearing in this maximal decomposition are said to be irreducible. Irreducible representations are the building blocks
from which all other representations can be constructed. In some ways, they are the equivalent of the prime numbers for
representation theory. An important result of the theory of finite groups is that, for a given group, there is a finite number

of these elementary representations. What’s more, they are known for a large number of classical groups.

Decomposing a representation consists in identifying subspaces that are invariant under the action of G.

Definition 2.8 (Invariant subspace)

Let (p, V) be a representation of G. A vector subspace W C V is called invariant under p (or under G, if the name
of the representation is understood) if
Vg € G, p(g)W =W.

If W C V is G-stable, then
V=Waow

in which, the complementary space is also G-stable. This process can be iterated until an ultimate step, for which the
representation can no longer be decomposed

Definition 2.9 (Irreducible representation)

A G-representation (W, p) is called irreducible if W = 0 and if the only vector subspaces of W invariant under p
are 0 and > itself. Such a subspace W is said to be a G-irreducible space.

&

Every one-dimensional representation is irreducible.

Irreducibility generally depends on the field C or R.

o A representation that is irreducible over C is called absolutely irreducible;
o A representation that is irreducible over R might not be irreducible over C. These are called physically irreducible

representations in some physical communities [25]. A physically irreducible representation is actually reducible

24



2 Composition, decomposition and irreducibility

over C and is equivalent to the direct sum of a complex irreducible representation and its complex conjugate.

Example 2.1 (Continued) The representation (p(?), R?, D3) is irreducible over R but not over C since it can be
i0

0
reduced to o | on C where 0 = %”
0 e

Property

o All groups G have, as an irreducible representation, the trivial representation which maps all elements of G to the
identity element.
o All irreducible representations of a finite group are of finite dimension, the maximum degree being the order of the

group.

We also have the following result which indicates, for each group, the number of its irreducible representations

The number of irreducible representations in a group is equal to the number of classes of this group.

A natural question now is how to determine the irreducible representations of a given finite group. We will not deal
with this question here, as the results for the situations we are interested in are tabulated in numerous references [10, 28,
29]. The situations concern elementary groups, and then there are techniques to determine irreducible representations of
any finite group by computational procedures either by restriction or induction methods from irreducible representations
of either larger or smaller groups, respectively. These procedures have been coded and optimised into computational
procedures [5, 13, 24].

In the majority of situations that will interest us in mechanics, the groups considered will be finite subgroups of O(3).
In reference to crystallography, we will refer to these as "point groups”. On a personal level, when we are looking for
information on the irreps of these groups in our work, we consult the following sites : [8, 17]. When dealing with standard
point groups in the context of physical chemistry and quantum mechanics, irreducible representation have standardised
names [21, 25] One dimensional irreducible representations are either denoted by A; or B;. For representations of type
A, the value of the principal generator is 1, while it is —1 for representation of type B;. Subscripts 1 and 2 corresponds
to 1 and —1 associated to the secondary generator. The A; representations are classical and correspond to the trivial
representation for Ay, and to the sign representation for A, [16]. Two dimensional representations are denoted by E;,
while three dimensional representations are indicated by 7;. We can note the representations G and H of dimensions 4
and 5 respectively which are associated with the groups of the icosahedron and which play an important role in the study
of the properties of quasi-icosahedral crystals [12].

As the context of this book is more general than that used to name these irreducible representations, the choice has been

made to stick to the abstract notation p(®) where p(!) is the trivial representation equivalent to A; in the notation above.

Let (p'®), V) and (p'¥, Vg) be two irreducible G-representations over C. Consider ¢ be an equivariant linear
map between (p'®),V,) and (p(®), V).

o if p') and p®) are not equivalent, then ¢ = 0;

0 ifVy, =Vg =Vand P = pB) = p | then ¢ is a scalar multiple of the identity of V.

The Schur’s Lemma means that the only non trivial matrices that commute with all the matrices of an absolutely
irreducible representation are scalar multiples of the identity. It is important to stress that this lemma, as formulated above

and encountered in numerous references, depends crucially on the fact that we are working on C.

On R, this lemma should be adapted
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2 Composition, decomposition and irreducibility

Theorem 2.6 (Real version of Schur’s Lemma)

If p is irreducible over R but not C, then the second point of Schur’s lemma transforms into ¢ =

for some a,b € R, where 1 is the identity matrix of dimension %l with d the dimension of V.
~ v

this point is important when working with physically irreducible representations, i.e. representations that are irreducible
over R but not C.

2.3 Reducible representations

In this section the general structure of a reducible representation is expressed as a direct sum of irreducible representations.

Definition 2.10 (Reducible representations)

A representation of a group G is said to be reducible if it is not irreducible.

The following result ensures that this process can be carried out
Theorem 2.7 (Maschke’s theorem)
Every finite dimensional G-representation (p,V) is a direct sum of irreducible representations. v ’

In practice as soon as there is a non trivial G-invariant subspace, the representation is reducible.

Property A G-representation (p, V) is reducible (over C or R) if it is equivalent to a G-representation (90, W) that has
the form

P @) 0 _
Y€ ( 0 [p@(g)])’ P

The previous step can be iterated until the obtained representations become irreducible. In this decomposition into direct
sum, the same irreducible representation may appear several times. The multiplicity of an irreducible representation p(*)
in the decomposition is noted m,. Let (p, V) be a G-representation and let

N
p= @ map(a)
a=1

be the decomposition of p into blocks mqp(® called isotypic components. The support of the isotypic component
M, p(o‘), is
MaVo =V ®...0V,
————

M terms

We denote by E,, this vector subspace of V. We shall write
Ma
Eo =maVy = @Va,j
j=1

where each V,, ;, 1 < 7 < m,, is equal to V,, and one particular V,, ; corresponds to the j-th occurrence of vector space
V; in the direct sum of vector spaces presented above.

We thus have V = @gzl E,. This decomposition is called the isotypic decomposition [19, 23].

Definition 2.11 (Isotypic components)

If p admits the decomposition
p=m1pP &mep? @ ... 0 mypY
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2 Composition, decomposition and irreducibility

then the non-negative integer m., is the multiplicity of p'®) in p, and mp'® is the isotypic component of type

pt) of p. s
Y The decomposition into isotypic components is unique up to order.
Example 2.14 Based on what we have just introduced, let’s return to the notion of equivalent representation and
consider the following representation (01 = p ® p(® ,R? ® R?). The corresponding matrix generators of D
are
1/4 3/4  V3/4 V3/4 10 0 0
3/4 1/4  —/3/4 —\/3/4 01 0 0
[o1(r3)] = ~V3/4 V3/4 1/4 _3/4 | lo1(m)] = 00 -1 0
—V3/4 3/4 -3/4 1/4 00 0 -1
This representation is reducible and equivalent to the following one (92 = p(©) & pM) & p(?), A @ A, & E) for
which
1 0 0 0 1 0 0 O
0 1 0 0 0 -1 0 O
[02(r3)] = 00 —1/2 _\/3/2 o lo2(m)] = 0 0 1 0
0 0 Vv3/2 —1/2 0 0 0 -1
In this case the inversible change of basis is given by the orthogonal matrix
1 1 0 0
V2o 1 1 -1
=311 -1 0 o
0 0 1 1
© The intricate relation between an irreducible representation and the irreducible space support of this representation

leads to the common abuse of notation where the same name is given to the irreducible representation and its associated

irreducible space. As such, the irreducible space £, can be noted sometimes A1, for instance.

2.4 Some irreducible representations for standard groups

In this section are presented tables of the irreducible representations for some standard finite groups. More examples can
be find on the following sites : [8, 17], and their constructions are detailed in [29]

(D2 efr[m|rm]
(2 [ e | raorm | A1)
@[af1] 1 O A, 1] 1] 4
B[1] By |[1]-1]1]
By |[1]-1]-1] 1

Table 2.1: Irreducible representations of groups (a) Zs and (b) Do

© The abstract group Z.o may concern either a group with only one rotation or a group with only one reflection.
Depending on the case, the irreducible representation names may be { A, B} or { A1, A2} depending on the geometrical

interpretation of the elements.
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2 Composition, decomposition and irreducibility

’ D3 H e ‘ r3 ‘ rg ‘ T ‘ r37m ‘ rgﬂ' ‘
Ay 1 1 1 1 1 1
Ay 1 1 1 -1 -1 -1

() S ()

Table 2.2: Irreducible representations of group D3 where ¢ = cos 2% = % and s = sin %” = @

’ Dy H e ‘ ry ‘ ry ‘ rs ‘ i ‘ Iy ‘ roT ‘ rim
Ay 1 1 1 1 1 1 1 1
Ag 1 1 1 1 -1 -1 -1 -1
By 1 -1 1 -1 1 -1 1 -1
By 1 -1 1 -1 -1 1 -1 1
B (1 0) (0 1) <1 o) (0 1) <1 o) (o 1) (1 0) (0 1)
0 1 -1 0 0 -1 1 0 0 -1 -1 0 0 1 1 0
Table 2.3: Irreducible representations of group Dy
] « [ w [ 4 [ G [ & [ =« [ wr [ dn | ar | n |

Ay 1 1 1 1 1 1 1 1 1 1
Ao 1 1 1 1 1 -1 -1 -1 -1 -1

oLy £ 12 ool o ) C ) G )0
(- 2) ERIIER S

Table 2.4: Irreducible representations of group D5 where ¢ = cos %’T, s =sin %’r, c* = cos %’T and s* = sin %’r

‘ Dg H € Te r3 ‘ r2 ‘ r3 ‘ rg ™ rgm r3m rom rim rgm
Ay 1 1 1 1 1 1 1 1 1 1 1 1
Ay 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1
B 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
B, 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1
a6 TE 2GS TE )T E D 65T C) T E) G E9 ][
0 1 s ¢ s —c 0 -1 -5 —c -5 c 0 -1 s —c s ¢ 0 1 Ee s —c
B (1 0) (( 7s> (7{3 75;) <1 0> ((: 7s> <7(’, 7s> (1 0 ) ( c 7s> <7r: 7s> <1 0 ) ( c 75) <7(: 75)
0 1 s ¢ s —c 0 1 s ¢ s —c 0 -1 -5 —c -5 ¢ 0 -1 -5 —c -5 ¢

Table 2.5: Irreducible representations of group Dg

2.5 Restricted Representation

In group theory, restriction (also called subduction) forms a representation of a subgroup using a known representation
of the whole group. Restriction is a fundamental construction in representation theory of groups. Often the restricted
representation is simpler to understand. Rules for decomposing the restriction of an irreducible representation into
irreducible representations of the subgroup are called branching rules, and have important applications in physics. For

example, in case of explicit symmetry breaking, the symmetry group of the problem is reduced from the whole group to
one of its subgroups.

The induced representation is a related operation that forms a representation of the whole group from a representation of a
subgroup. The relation between restriction and induction is described by Frobenius reciprocity and the Mackey theorem.
The induced representations and related theorems will not be presented in this book. Readers are directed to standard
mathematical textbooks for more informations [16].
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Definition 2.12 (Restriction)

For any group G, its subgroup H, and a linear representation p of G, the restriction of p to H, denoted p|y is a

representation of H on the same vector space by the same operators:

plir(h) = p(h), Vh € H .

It often happens that an irreducible representation of a group G restricts to a reducible representation of its subgroup
H. This reducible representation can then be decomposed as a sum of irreducible representations of the parent group G.
When this is done for all the irreducible representations of the parent group G, we have a subduction table that describes
the branching rules.

Example 2.15 As an example, one could see how the irreducible representations of Dy are restricted to Ds.
The common elements between both groups are {e,ry, 7, rom}. While the four one-dimensional irreducible
representations are common to both groups, D4 presents a two-dimensional representation F that is reducible in
D5. Indeed, if one observed the restriction of that representation to the elements of Do, it is obvious that two
subspaces can be identified as this representation is always block-diagonal:

’ D2 H e Iro ™ o7
Ay 1 1 1 1
As 1 1 -1 -1
B, 1 -1 1 -1
By 1 -1 -1 1
> 1 0 -1 0 1 0 -1 0

0 1 0 -1 0 -1 0 1

One can then identify the following branching rules:

(Di|—>] D |
A | — Ay
Ay | — Ay
By | — By
By | — By
EF | - | BiL® By

To make more general restrictions between finite groups, we need a powerful tool which comes from what is known as
character theory.

3 Character theory

An essential problem in the study of linear representations and their application in mechanics is the determination of the
isotypic decomposition. We need to know which irreducible representations appear in the decomposition and with what

multiplicity. In the context of finite groups, character theory is the central tool for answering these questions.

3.1 Definitions

Consider (p, V) a representation of the group G on the vector space V. As we saw in the previous section, once a basis

has been chosen for V, the representation is described by a collection of matrices. An interesting invariant of matrices is
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their trace. This quantity is,

o invariant for similar matrices and therefore by conjugation;
o the sum of the eigenvalues of the matrix;

o allows the coefficients of the characteristic polynomial to be determined.

These properties, which motivated its use in representation theory, are at the heart of character theory. The traces of
representation matrices are called the characters of the representation.

Definition 2.13 (Characters)

Let V be a finite-dimensional vector space and let (p, V) be a representation of a group G on V. The character of
(p, V) is the function x, : G — C given by :

tr (p(g))

Xp(9)

where tr is the trace.

&

In practice, characters are calculated from the trace of the representation matrices expressed in a given base, but their
values are independent of such a choice.

When working with tensor representations, it is important to distinguish between the dimension of the vector space
being tensored and the dimension of the vector space obtained by this operation. For example, the space V = R¢ @ R4
is a vector space of dimension d? constructed as a tensor of order 2 on R? of dimension d. So when we talk about the
representation of (p, V), one element of V is a vector of dimension d?, and the matrix associated with p(g) is a square
matrix of dimension d. In character theory it is this trace that is calculated and unambiguously defined. This point is

exemplified in the last example of subsection 2.1.

As observed in the previous example, the following general properties of characters can be established:

Proposition 2.1

1. the character of the identity element corresponds to the dimension of the representation: X ,(e) = dimV.
2. the character of the g~

Example 2.1 (Continued) Let’s take the example Table 2.1 and consider the representation (p(?), R?) of D3. The
following table give both the matrix representation and its associated characters for each element in the group.
(o | e [ x| d | x [ wx | dr ]
() (1 0> <1/2 \/3/2> ( —1/2 \/§/2> (1 0 ) < ~1/2 \/3/2> <1/2 \/§/2>
0 1 V32 —1/2 —/3/2 —1/2 0 -1 —3/2  1)2 V32 1/2
X (9) 2 -1 -1 0 0 0
On this result, the following facts can be observed:
1. x (2 (e) = 2, which is the dimension of the representation ;
2. X, (r3) = Xp@ (r2) = —1, the character takes the same values for the rotations;
30 Xp@ () = X,po (r37) = X, (r?m) = 0, the character takes the same value for all the mirrors

1

is the complex conjugate of the one of g:

x(g™") =x(9)

3. the function X, is constant on each conjugacy class of G,

Xp(hgh™") = x,(9),

As such, characters are class functions;

Vg, hG

1. For a representation (p, V), x,(e) = trly = dim V.
1 —

=p(g)" . hence x(g') =

2. Since p is a group morphism, p(g~"') = p(g)~". The representation being unitary implies p(g)~
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trp(g) = trp(g) = x(9)-
3. The expression x,(hgh™') can also be written x, (uv), putting w = hg, v = h™". Hence the result follows from the well known
formula tr(uv) = tr(vu).

]
When G is finite, the kernel of the character x/, is the normal subgroup:

kerx, := {9 € G| x,(9) = x,1)}

which is precisely the kernel of the representation p. However, the character is not a group homomorphism in general.

These former properties should be completed by the following ones concerning the characters of a direct sum and of a
tensor product:

Proposition 2.2

direct sum: the character of a direct sum of representations is the sum of the characters,

Xp@) @p®) = Xpla) T Xp8)

tensor product: the character of a tensor product of representations is the product of the characters,

Xp(@ @p® = Xpla) X p(8)

Example 2.1 (Continued) Based on representations p(*) and p(?), the characters of p(3) = p() @& p(2) can be
computed as Xp@® = Xp) + Xp@- Details are given in the table below:

Dy [elw [ [ o [ ]

Xpu)(g) 1 1 1 1 1
Xp(z) (g) 2 —1 —1 0 0 0
(

[xo@ 3]0 o 1]t ]1]

A character x, is called irreducible, or simple, if (p, V) is an irreducible G-representation.

3.2 Orthogonality relations

We shall denote by F(G) the vector space of functions on the finite group G taking values in C. For finite groups, it is a
finite dimensional vector space of dimension the order of G. When this vector space is equipped with the scalar product
defined below, we call the resulting space L?(G).

Definition 2.14

On L*(G), the scalar product is defined by
(f1lf2) e Z fi(g

geG

with @ stands for the complex conjugate of a.

&

It can be observed that the considered scalar product is antilinear in the first argument and linear in the second.
This is a convention and a scalar product where the antilinearity is in the second argument could be defined.

It has to be stressed that we are using two different scalar product along this document. The first one is on the vector

space V of the representation, and is denoted < .,. >, while the second is on the function space L*(G) and is denoted
(1)

Since character functions are elements of L?(G), we can define the scalar product between character functions.
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Definition 2.15

For representations p® and p®) of G

(ot X)) = = D Xpte (97 )Xo (9)
|G|
geG

&

This scalar product has the previous expression owing to the fact that, for character functions x(g) = x(g~!). In the case
where characters are real, this simplifies into x(g) = x(g), otherwise stated as x(g) = x(g~!)

The set of irreducible characters of a given group G into a field k form a basis of the k-vector space of all class
functions of G in k.

Using Schur’s Lemma the following central result, called orthogonality relations can be established. These relations
state that the norm of an irreducible character is necessarily unitary and that the characters of inequivalent irreducible
representations are orthogonal with respect to the scalar product defined above. We refer to classical textbooks for a
detailed proof of this result [23]

1. If p) and p'P) are inequivalent irreducible representations of G, then

(Xp [xp8) = 0.

2. If p is an irreducible representations of G, then

(Xp|Xp) =1

For a group G whose irreducible characters are known, the orthogonality relations introduced above can be used to
determine the isotypic decomposition of any representation of this same group. The multiplicity of an irreducible
representation p(® in this decomposition is determined from the scalar product between the character of that irreducible
representation and that of the reducible representation.

Let p be any representation of G and let x, be its character. Then

N
p= @map(a)y
a=1
where
Mo = (Xp(a)|Xp |G| Z Xp(a) Xp(g)

geG

Associated to this theorem we have the following and useful corollary which gives a necessary and sufficient condition for

a representation to be irreducible.

Let p be any representation of G and let x, be its character, we have the formula

(Xelxp) = Zm

Irreducibility Criterion: a representation p is irreducible lf and only if

(Xp|Xp) =1

Finally, this last theorem relates the dimension of the irreducible representations to the group order.
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Let denote n, = dim'V, we have the following relation

N
> na =G|
a=1

3.3 Character tables for standard groups

In this last section are presented the character tables for some standard finite groups. Since characters are class functions,
these tables are presented for classes represented by one of its representative element, instead of for each element. The

number of elements in each class is denoted by #.

[ D |

e
’Zg HG‘I‘QOI‘TF‘ A |l 1] 1 1 1
@ A |1 1 ®| Ay || 1] 1 ]|-1] -1
B || 1 -1 By ||1]|-1]1 -1

By || 1] -1]-1 1

Table 2.6: Character table for irreducible representations of groups (a) Zs and (b) Do

A
© The attentive reader will note that the character table of the irreducible representations of groups Zs and Do are
identical to the tables of the irreducible representations of these groups presented in Table 2.1. Indeed, characters are the

trace of the irreducible representations and, as such, are equal to the one-dimensional irreducible representations.

D3 || e | r3

# 112 |3
Ay || 1] 1 1
Ay || 1] 1 | -1
E (|2]-1]0

Table 2.7: Character table for irreducible representations of group D3

Dyjle|ry|ro | @™ | rymw
# 1|2 1 ]2 2
Ay || 1] 1 1 1 1
Ay || 1] 1 1 |-1 -1
By || 1] -1 1 1 -1
By || 1]-1]1]-1 1
E||2]0]-2]0 0

Table 2.8: Character tables for irreducible representations of group Dy

D5 || e rs r% T
4 |1 2 2 5
A || 1 1 1 1
Ay || 1 1 1 -1
Ey || 2 | 2cos(2n/5) | 2cos(4m/5) | O
Es || 2 | 2cos(4n/5) | 2cos(2n/5) | O

Table 2.9: Character tables for irreducible representations of group Dy
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4 Extension to the orthogonal group in R?

D¢ || e | rg | rs | Tre | T | rgm
# 1|2 |2 1|3 3
Ay || 1] 1 1 1 1 1
Ay || 1] 1 1 1 |-1] -1
By |(|1]-1|17]-1]1 -1
By || 1]|-1|1]-]-1 1
Ei|l2]1]-1]-2]0 0
Es||2]-1|-1]2]0 0

Table 2.10: Character tables for irreducible representations of group Dg

4 Extension to the orthogonal group in R?

In this section, we look at how to extend what has just been introduced to the case of the full orthogonal group in

dimension 2, denoted by O(2). This group is defined as the set of linear isometries that preserve the scalar product of R?.
Vg € 0(2), < p(g)u, p(g)v >=<u,v >
in which p(g) is the standard action on R?. In this situation p is often omitted.

The full orthogonal group in dimension 2 contains the set of rotations, which is a normal subgroup of index 2 denoted

SO(2) and called the special orthogonal group, as well as the product of rotations by a mirror. Thus, we can equivalently
see O(2):

o in terms of the decomposition into cosets O(2) = SO(2) U wSO(2)
o as the semi-direct product of Zy with SO(2), O(2) = Z2 x SO(2)
The finite diedral D,, and cyclic Z,, groups are finite subgroups of O(2).

O(2) is a continuous group which does not fit into the definitions established above. However, it is a compact group!, i.e.
a continuous group which behaves well. We refer you to the specialised references for the details, but, broadly speaking,
everything happens more or less as in the finite case. We will see in the coming sections how the results we saw earlier
extend to O(2).

4.1 Definition

The group O(2) is defined as a group of matrices as
O(d) = {g € GL(2)|g" g = I}

In particular, we have det g = +1. The subset of matrices g such that det g = 1 is a subgroup of O(2), denoted by SO(2),
which is the group of rotation, each rotation being represented by the matrix

cosf) —sinf
= . 2.1
i <sin 0 cost > @b

The full orthogonal group is obtained from SO(2) by adding, as a generator, the matrix representing the reflection operation

with respect to the horizontal axis
1 0
| = . 22
et 1) o

Besides, each element of O(2) can be written, either as ry (if det g = 1) or 7rry (if det g = —1), and we have the relations

wl=e, Trg =T_gT

'The image of the unit ball by the group is bounded, which is obvious because det g + 1 for g € O(2). Note in passing that this is not true for GL(d)
which is a non-compact group.
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4 Extension to the orthogonal group in R?

As demonstrated by the following lemma, geometrically elements of O(2) are of two type only: rotation (if det g = 1) or
reflection (if det g = —1).

The transformation ro7(n) is a reflection through the line of normal v /on.

Proof  The plane of reflection 7r is of normal e,, since w(n) = I — 2n ® n. We have the following relations

rom(n) = rg/org/2m(n) = rg/om(n)r_g/0 = w(rg/2n)
O

Note InR3 the inversion, i = —1 is a transformation of determinant —1 distinct from a reflection. In R?, this not the case

since it corresponds to the rotation i = r .

4.2 O(2)-representation

The situation considered in this course is the following one:

1. G is a compact group, O(2) here, but also O(3) when considering problems in R3

2. the representations are finite-dimensional, i.e. V is a finite-dimensional vector space

We then have the following definition

Definition 2.16 (Compact group)

Let G be a compact group. A finite dimensional representation of G is defined to be a vector space V and a group
morphism p : G — GL(V) such that for every v € V,

geG—plgveVv

is a continuous mapping.

&

This means that, as soon as a basis is considered for V, the representations are always described by square matrices. The
difference is that this set is now infinite and described by matrix-valued functions depending on the parameters of the
group.

Under these assumptions we have the following theorems which indicate that the situation is the same as in the case of
finite groups. For more details, we refer you to the associated mathematics books.

Every finite-dimensional representation of a compact group is completely reducible.

<3

Every irreducible representation of a compact group is finite dimensional. -

Vv

4.3 Irreducible representations

Real irreducible representations of 2D orthogonal groups are well-known (see for instance [19]). We have the following

results:

SO(2) Each real irreducible representation of SO(2) is either equivalent to the trivial representation on R, denoted
by p(©) and defined by
pO(g)A = A, forallg € SO(2) and all A € R
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or to the two-dimensional representation on R? given by

cosnf —sinnf

rg € SO(Q) — p(n)(re) = < ) € GL(RZ)’

sinnf  cosnf

and indexed by the integer n > 1.

O(2) Each real irreducible representations of O(2) is either equivalent to the trivial representation on R, denoted by
p(9), the sign representation on R, denoted by p(~1) and defined by
P (9)¢ = (det g)é,
forall g € O(2) and all £ € R (¢ is sometimes called a pseudo-scalar), or to the following representations on R? given by
cosnf —sinnd cosnf  sinnf
P (rg) = P (mrg) = | ;
sinnf  cosnf sinnf —cosnf

and indexed by the integer n > 1.

The notations for these irreducible representations are different to the ones chosen for the finite groups. The trivial
representation is denoted p©) and not A,. Similarly, the sign representation is denoted p'~") and not Ay. This choice has
been made to correspond to standard notations of harmonic spaces in R? [3, 11].

The characters of the irreducible representations (p(™), K™) (n = —1,0, . ..) of O(2) have the following explicit expressions
Xpm (rg) = 2cos(nf), X, (mre) =0, (n>1) (2.3)
and
Xpo =1, Xp-n(re) =1, X,-n(mrg) = —1. (24

4.4 Model spaces

There are two models, useful in practice, for 2-dimensional irreducible representations of the orthogonal groups:

1. The spaces H" of homogeneous harmonic polynomials (polynomials with vanishing Laplacian) in two variables
x, y of degree n > 1,
2. The spaces K" of nth-order harmonic tensors (totally symmetric tensors with vanishing traces).
And, to complete these alternative models for n = 0 and n = —1, we set
K® =% =R, with the trivial representation,

and
K~'=H~' =R, with the sign representation.

Definition 2.17 (Harmonic tensor space)

Let K™ be the space of nth-order harmonic tensors in 2D, its elements are:

1. n-th order tensors;
2. symmetric with respect to the permutation of all the indices;

3. traceless. Y

Proposition 2.3

In R2, we have

2, n>1;
1, n={0,-1}.

dim K" =

)

Any linear representation (p, V) of SO(2) or O(2) can be decomposed into a direct sum of irreducible representations.
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This is known as the harmonic decomposition of V and means that
VK" @ - K", (2.5)
where n; € {—1,0,1,2,...} and where multiplicities are allowed.

Grouping together identical harmonic spaces we obtain the isotypic decomposition, also known as the harmonic structure
in the present context,

Voem g K 'eomKe s - @ mnKk", miKki = ?9’ K" (2.6)
=1

4.5 Harmonic structure

Given a representation p on a space V, the question is how to determine its O(2) isotypic structure. First, we will
extend the approach developed in the previous section for finite groups to this new situation. This means extending the
theory of characters to O(2) and obtaining multiplicities by using an adapted scalar product. As we shall see, modulo
the introduction of an integral instead of a finite sum, everything happens as in finite dimension. However, calculating
the character of the representation, especially in the case of high-order symmetrized tensor representations, will quickly
become complicated. In a second time, an approach based on so-called Clebsch-Gordan formulae will be introduced.
These formulae, which we will prove from the characters, will make it trivial to establish the decompositions of tensorial

representations.

4.5.1 Character theory

We denote by F(G) the vector space of complex-valued functions on G. For continuous compact groups, it is an infinite

dimensional vector space. When this vector space is equipped with the inner product defined below, we call the resulting
space L%(G).

Definition 2.18 (Inner product)
On L*(G), the scalar product is defined by

(filf2) = /G Filg) Falo) i (a). @)

where du(g) is the Haar measure.

In the case G = O(2) we have the following fundamental result:

On L*(0(2)), the inner product is explicitly given by

27 2m
()= 3= [ Ao+ o [ i) i) ao.
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If (p, V) is a finite-dimensional representation of O(2), we define the character y, of p by
Vg € O(2), x,(9) = tr(p(g))-

The complex-valued function thus defined on O(2) is continuous. Itis a class function that depends only on the equivalence
class of the representation p. As for finite groups, we have the following orthogonality relations:

Let p1 and po be irreducible representations of O(2). Then

0if p1 # p2,

(Xp1|Xp2) =
Lif p1 = pa,
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4 Extension to the orthogonal group in R?

and its corrolaries:

A O(2)-representation p is irreducible if and only if (x,|x,) = 1

Consider a representation (p, V) and denote by X/, its character, the multiplicity m; of the irreducible representation Kk
in the isotypic structure Equation 2.6 of V is given by:

m; = (Xp“)lx;a) :

Example 2.14 Consider (p(?), R?) the standard action of O(2) on R2. For the sake of simplicity, the classical
abuse of notation will be used:

2
Vg € 0(2), 47 (9) = 9
The characters of this representation are the following:
X, (re) = 2cos?, Xp(2 (rom) =0

The norm of the non-zero character can be computed.

1 2m
(Xpe [Xp) = */ cos?0dh =1
™ Jo

Hence, and obviously the representation is irreducible.

Example 2.15 Consider (p, R? @ R?) the tensor action of O(2) on R? @ R2. This representation can be constructed
by tensor product as presented in Definition 2.7:

Vg € O(2), pijri(9) = girgji
The trace of p has the following expression
trp(g) = pijis(9) = (trg)®
and

Xp(rf) = 4cos? 6 = 2(1 + cos 20), x,(rem) =0

The norm of the non-zero character can be computed.

4 271'
(o) =3 [ cost oo =3
™ Jo

Hence the representation is reducible. Its various projections on irreducible characters are listed as follows.

Xp(=D | Xp@ | Xpm | Xp@ | Xp(m
Xp 1 1 0 1 0

Hence the representation decomposes as follows
PP @ p) = p=D g p(0 g p(2)
and we obtain the corresponding harmonic structure
RPeR*=K'oK oK
With this last result we retrieve the well-known fact that a second order tensor decomposes as a deviatoric tensor

(K?2), a hydrostatic part (K°) and an anti-symmetric part which in R? is a pseudo scalar (K—!). The decomposition

is illustrated below

tn t 1 (tin—toy tig+t 1 1 0\, 1 0 1
un f2) _1ftn—tn tizdin + 5 (t11 + t22) + 5 (ti2 — t21)
to1 too 2 t12 +t21  —t11 + 122 2 0 1 2 -10

ERZQR2 cK? €KO €K1
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4 Extension to the orthogonal group in R?

In terms of transformation, the elements of R? ® R2, considered as vectors in R?, are transformed as follows:

13 cos20 —sin20 0 0 t1 t = %(tll — ta2)
3 _ | sin 20 cos20 O 0 to with ty = 2(t1a +t21)
3 0 0 1 0 ts |’ ts = 5(t11 + tao)
i 0 0 0 det(g) t4 ta = Ltrs — ta1)

The following example is the symmetrised version of the previous one. It shows that in this case the anti-symmetrical part

disappears, as it should.

Example 2.16 Consider (p, S?(R?)) the tensor action of O(2) on R? ®* R2. Once again this action can be
constructed by tensor product and symmetrisation:

1
Vg € O(2), pijri(9) = 5 (9irgjt + gingjr)
2

The trace of p has the following expression

trp(g) = piji; = 5 ((trg)* + tr(g”))

N | =

and
Xpro) = 1 +2c0820,  Xprom) =1

The norm of the character can be computed:

1 27 1 27
= — 1+ 2cos20)? — =2
(XplXp) 47r/0 (14 2cos26) d9+47r/0 do

Hence the representation is reducible. Its various projections on irreducible characters are listed as follows

Xp=b | Xp@ | Xp | Xp@ | Xp(m
Xp 0 1 0 1 0

Hence the representation decomposes as follows
p(l) ®3 p(l) — p(o) fas) P(Z)
and we obtain the following harmonic structure

R?@R? = K@ K>.

To conclude this subsection let consider the more involved example of the elasticity tensor in R2.

Example 2.17 Consider (p, Ela) the tensor action of O(2) on S?(S?(R?)):
1
(P(8))ijkimnop = 3 ((9imGjn + gingim)(GroGip + GkpTio) + (GioGip + JipFio) (GkmTin + Gkngim))
The trace of p has the following expression
1
trp(g) = 3 [(trg)4 + 2(trg)*trg® + 2trgt + 3(trg2)2}

Its various projection on irreducible characters are listed as follows

Xp=D | Xp@ | XpM | Xp@ | Xp® | Xp@ | Xp(n)
Xp 0 2 0 1 0 1 0

Hence the representation decomposes as follows
p=2p" @ p?® g p®
and we obtain the following harmonic structure

Ela ~ 2K° ¢ K? @ K*
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4 Extension to the orthogonal group in R?

In terms of transformations, the elements of Ela, considered as vectors in RS, are transformed as follows:

7 cos40 —sin40 0 0 0 0 t
t5 sin40  cos46 0 0 0 0 to
5] 0 0 cos20 —sin20 0 0 ts
gl | o 0 sin20  cos20 0 0| |4
134 0 0 0 0 1 0| |t
s 0 0 0 0 0 1 to

As can be observed on the previous example, the tensorial expression of the representation is rather complicated. This is

due to two points:

1. the tensorial order of p(g) is twice the order of the representation;
2. the index symmetries to consider imply complicated symmetrised expressions.

Consequently, the study of the action on tensors of order 6 or higher with index symmetries will quickly prove complicated,
if not impossible. Therefore, in order to obtain isotypic high-order tensors, another method needs to be developed. This
is the subject of the following section.

4.5.2 Clebsch-Gordan

It is a classical result of the theory of group representations that the product of two irreducible spaces is, in general,
non-irreducible [23]. But the resulting space can in turn be decomposed into irreducible spaces. The formula expressing
how the tensor product of irreducible spaces decomposes into irreducible spaces is known as the Clebsch-Gordan formula.
For a general group, these formulas can be difficult to express, but for O(2) they are quite simple. For basic determination

of harmonic structure, we use the following result:

The tensor product of two O(2)-irreducible spaces is reducible and decomposes according to:

® K™ K | Kt
Km+n ey K\mfn\ m ?é n

’ K™ | K™

K K™ K | K—!

K—! K™ K1 K°

Let us compute the characters associated to the various situations indicated in the table:

Ty ro7
X)) @ Xp(a) 4 cos pf cos qf 0
Xp(») @ X,(0) 2 cos pf 0
Xp(r) & X,p(—1) 2 cos pf 0
Xp(0) @ X,(0) 1 1
X,(0) @ X,(-1) 1 -1
Xp(=1) ® Xp(=1) 1 1

The only product that should be detailed concerns the representation (p(p ) ® p(q), KP? & K?). The character of the representation is

Xp®gp@ = Xy Xy = 4dcosplcos gl

= 2cos(p+q)f +2cos(p — 9)0 = X,0+0) + X, -0
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4 Extension to the orthogonal group in R?

Hence
(p(p) ® p(Q),KP @ K?) = (p(p+q) ® p(p—Q)7Kz)+q o KP™9)

Example 2.18 Using this rule the following results are directly obtained:
o for R? @ R?
T, ~K oK oK?
the dimension is 4 as it should be;
o for (R2)®”
Tk~ (K'@KH oK' = (K !'oK oK?) oK' =3K' o K?
the dimension is 8 as it should be;
o for (R2)®"
T =~ K'@K'e@K')eK!)
= BK'eK)eK!
3K~ @ 3K° ¢ 4K2 & K*,

the dimension is 16 as it should be.

In the case the spaces are identical, the tensor product can be decomposed into S? and A2. This represents, respectively,
the symmetrised product and the anti-symmetrised product?:

Vn > 1,K" @ K" = §2 (K") @ A? (K")

Therefore, Lemma 2.3 is completed by the following lemma:

For alln > 1, we have the following isotropic decompositions, in which meaningless products are indicated by X:

52 K™ KO | K-! A? K® | KO | K!
K" | K g KO X X Kr | K1

K X KO | x K°
K1 X x | KO K-t X X 0

Example 2.19 Consider the space V = S2?(S5?(R?) @ R?), it is a space of sixth-order tensors having the following

index symmetries:
Tiigy(mn
The harmonic structure can be worked out easily using Clebsch-Gordan formula.

o First step:
S2(R?) = K° @ K2

o Second step:
S2RH@R*= (KoK} oK' =2K' o K3

2Let V a vector space of dimension d, and Vi the basis of V, thus the basis of V ® V is defined by: B(V® V) = vi ® vj, we have:

—
[y

B(S*(V)) = -(vi®vj+vj®vi) BA*(V) = -(vi®vj —vj ® Vi)

2 2
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4 Extension to the orthogonal group in R?

o Third step:
S%2(S?(R?) @ R?) = S2(2K! @ K®) = K~! @ 4K° @ 5K? @ 2K* @ KO

Computing the same result using brut character theory would have been far more complicated.
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Chapter 3 Applications to tensors in mechanics

[d Strain-gradient elasticity law

The aim of this short chapter is to apply the theoretical tools introduced in the previous chapters to the determination of
the number of independent constants for different symmetry classes of Mindlin strain gradient elasticity. For the purposes
of this course, we will restrict ourselves to the R? framework, but the approach could easily be extended to R3.

The aim of this chapter is to compare two different approaches to this work. It should be noted that the determination
of the number of invariant coefficients for a given subgroup class does not constitute a proof for determining the classes
of symmetries of a constitutive law. We will assume here that the symmetry classes are known and we will calculate the
dimension of the associated invariant space in each of these situations.

In the literature, there are traditionally two ways of proceeding: the top-down method and the bottom-up method:

top-down The top-down approach starts by establishing the isotypic decomposition with respect to O(2), before studying
its restriction with respect to its subgroups, which are mostly finite. This approach is based on the harmonic
decomposition.

bottom-up The bottom-up approach, based on the character theory for finite groups, and compute isotypic decomposition
for finite groups from irreducible characters. This approach has its origin in the methods developed in crystallography
to study the properties of molecules and lattices.

The first method aims to describe the infinitesimal transformation properties of the elements of a vector space. From this
global description, particular results are the obtained by restriction. The use of this approach is classical in condensed
matter physics [22] but is less classical in solid mechanics. In the mechanics literature, this approach is mainly used in
theoretical documents to obtain classification theorems, to select one modelling strategy over another, to calculate the
integrity basis, etc. Even if introduced in mechanics by Backus [6], the reference papers concerning this approach are
those of Forte and Vianello [15]

In contrast, the second approach is mainly concerned with the modelling of a particular situation in which the symmetry
group of the phenomenon has been identified and for which obtaining general results is not the aim. In the mechanical
literature, this approach is manly used in stability analysis for understanding the behaviour of a particular structure or of
an architectured material that possess geometrical symmetries. As this approach is rooted in crystallography, it is popular
with engineers because of their training.

This chapter will be organised as follows. In a first section the equations of the investigated constitutive law will be detailed,
together with results concerning the symmetry classes of the associated constitutive tensors. In the next section the number
of invariant parameters for each symmetry classes is determined, first by the crystallographic bottom up approach, second
by the harmonic top bottom one.

1 Strain-gradient elasticity law

‘We introduce in this section the constitutive law of a linear strain-gradient elastic material [26, 27].

State tensors describe point-wisely the different physical fields (primal and dual) of the model. A linear constitutive law
can be viewed as a linear map between the state tensors that characterise a chosen physical model. A linear constitutive
law is defined by a set of constitutive tensors which describe the influence of the matter on these state tensor fields, more
precisely they describe how primal and dual fields are connected by the matter.



1 Strain-gradient elasticity law

In the case of classical elasticity, the state tensors are o, € and characterise the local state of stress and of strain,

respectively!. These state tensors belong to the same space S?. The linearity of the model implies the use of a fourth-
order tensor C as a constitutive tensor, this tensor can be viewed as an element of £°(S?,S?). In summary, for classical
elasticity:

o State tensors: o, ¢;
o Constitutive tensor: C.

The linear strain-gradient elasticity model [26, 27] is obtained by extending the set of state tensors by including the
strain-gradient tensor n=e ® V and its dual quantity, the hyperstress tensor 7. Those tensors are elements of S? @ R2.

The constitutive equatlons of the model define the stress tensor a and the hyperstress tensor 7 as linear functions of the
strain tensor € and the strain-gradient tensor 7. This coupled constitutive law requires tensors belongmg to the following
spaces h =

C € Elay ~ £°(8%,§%), M € Ela; ~ L(S* @ R%,S?), A € Elag ~ L£5(S? @ R?,S? @ R?).

In this model we have:

o State tensors: 0,6, 7T, 77;

o Constitutive tensors C M and é

To be more specific, the constitutive equations read:

29
I
LM
+

<
R

3.1)

1=
I
RZ QA
L)
_|_
R
R

where
4
° C € Elay := {T € QR? | T € T(ij) (k) } is the fourth-order elasticity tensor;
° M € Elas := {T € ®]R2 | T T € T (ij)(ktym } is the fifth-order elasticity tensor;

€ Elag := {T € ®}R2 | T € T(ij)k (tm)n } is the sixth-order elasticity tensor.

& D>

Let’s define Sgrd the tensor space of the strain-gradient constitutive tensors as

Sgrd = Elay @ Elas @ Elag. (3.2)
A strain-gradient elastic law is defined by a triplet £ := (g, M, é) € Sgrd .
Concerning the symmetry classes of the tensors involved in the constitutive law

o Classical elasticity: the classification has been done by [20]. Their results are synthesised in the following table:

Name Digonal | Orthotropic | Tetragonal Isotropic
(G Z2] | [Ds] [Da] | [O(2)]
#indep(g) 6 (5) 4 3 2

Table 3.1: The names, the sets of subgroups [Gc¢| and the numbers of independent components #indep(C) for the 4

symmetry classes of C. The in-parenthesis number indicates the minimal number of components of the matrix in an
appropriate basis.

o Second-order elasticity: the classification has been done by [2], and are synthesized in the following table:

In the infinitesimal setting, the strain tensor is defined from the displacement field u as € := % (u® ¥V + ¥V ®u), where V denotes the nabla differential

~

operator.
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2 Dimension of invariant tensor spaces in R?

Name Digonal Orthotropic Tetrachiral Tetragonal
(Gal [Zo)] [Do] (Z4] (D]
Findep(A) || 21 (20) 12 9 (8) 6
Name Hexachiral Hexagonal Hemitropic Isotropic
[Gal Z6] [De] | [SO(2)] | [O(2)]
#indep(é) 7 (6) 5 5 4

Table 3.2: The names, the sets of subgroups [G A | and the numbers of independent components #ingep(A) for the 8

V‘é/ Y
symmetry classes of A. The in-parenthesis number indicates the minimal number of components of the matrix in an
appropriate basis.

2 Dimension of invariant tensor spaces in R?

In the the present section, we will see two different approaches to compute the number of invariant parameters for each
symmetry classes. To illustrate our point, we restrict ourselves here to Flaq and Elas, and consider only the dihedral
classes. There is no difficulty in considering other situations. We will also examine the results obtained for certain groups
not associated with a symmetry class. This will illustrate some interesting properties.

2.1 Bottom-up approach

The Bottom-up approach starts with the determination of the representation as a tensor product of the classical repre-
sentation. Thus, we will establish here the symmetrised representations acting on Elaq and Elas. This corresponds,

respectively, to a tensor of order eight and a tensor of order twelve.

Classical elasticity: Recall that the fourth order elasticity tensor belongs to the vector space S?(5?(R?)). The repre-
sentation (p, Ela), equivalent to (p, S%(S?(IR?))), has the following expression

1
(p(8))ijkimnop = 3 [(gim3jn + 9ingjm)(GroYip + GkpGio) + (JioGjp + GipGjo)(GkmGin + GknGim))
The resulting character is

Xp(9) = trp(g) = < [(trg)* + 2(trg)*trg® + 2trg* + 3(trg®)?]

| =

Second order elasticity: The representation (g, Elag) is equivalent to (o, 5?(5?(R?) ® R?):

1
(p(g))ijklmnoprst = g [(gisgjr + girgjs)(glpgmo + glogm;v)gnqgkt + (gipgjo + giogjp)(glrgms + glsgmr)gntgkq]

the associated character is:

Xolg) = tro(g) = é [(trg)® + 2trg® ((trg)* + (trg®)? + trg*) + (trg)*(trg®)?]

Symmetry class Z,

The character table of the symmetry group Zs has been provided in Table 2.6. This group has 2 elements and 2
one-dimensional irreducible representations A and B. The following table resumes the value of the characters of the
representations p and p as well as both irreducible representations of Zs:
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2 Dimension of invariant tensor spaces in R?

[zl e [x ]

Xa || 1] 1

XB 1 -1

Xp 6 6

Xo || 21 | 21

The isotypic decomposition is calculated from:
1
Ma =757 Z Xp (9)Xp(9)-

Gl 7=

The simplification x (=) (97") = X, (g) comes from the fact that the representation is real.

The vector spaces [Ela, and Elag decompose? as follows under the action of group Z:
Ela =6A Elag = 21A

We can see that the tensors are invariant under the action of O(2). This is normal because in dimension 2 any tensor of
even order is Zs invariant.

Symmetry class D, The character table of the symmetry group Ds is presented in Table 2.6. This group has 4
elements and 4 one-dimensional irreducible representations. The following table resumes the value of the characters of
the representation p as well as all irreducible representations of Ds:

[ Dz [l e [ra[m|rom|
XA, 1 1 1 1
XA, 1 -1 -1
X B, 1 |-1]1 -1
X B, 1| -1]-1 1
Xp 6|6
Xo 21 |21 3 3

As a consequence, thanks to the trace formula, the vector spaces Ela and Elag are decomposed as follows under the action
of group Ds:
Ela4 = 4A1 D 2A2 Ela6 = 12A1 D 9A2
The invaraint coefficient correspond to the trivial representation A;. Hence
dim Fix(Elas, Do) = 4, dim Fix(Elag, Da) = 12

in which Fix(V, G) indicates the dimension of the vector space of V elements that are G-invariant.

Symmetry class D4,  The character table of the symmetry group Dy is presented in Table 2.8. This group has 8 elements
along with 4 one-dimensional and 1 two-dimensional irreducible representations. The following table resumes the value
of the characters of the representation p as well as all irreducible representations of D:

2Here the abuse of notation identifying irreducible representation and their associated vector space has been made.
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2 Dimension of invariant tensor spaces in R?

Dy e |ry | 1o | ™| ram
# 1 2 1 2 2
xa L] 1]t ]1] 1
X, | 1] 111 1
Xm || 1|1 1] 1] 1
Xm || 1 -1 1|1 1
el 2lol210] o
Xp 6 6 2
Xe |[21] 3 [21]3] 3

As a consequence, thanks to the trace formula, the vector spaces Ela, and Elag are decomposed as follows under the action
of group Dy:
Elay =341 ® Ay ® B1 ® B> Elag = 641 ® 34> 6B © 68>

Hence
dim Fix(Elag, D4) = 3, dim Fix(Elag, D4) = 6

Finite groups D3 and Dg The character table of the symmetry groups D3 and Dg are presented in Table 2.7 and
Table 2.10. The following table resumes the value of the characters of the representations p and p as well as all irreducible
representations of Dg. The irreducible representations can be simply restricted to the symmetry elements of D3 noting
that only irreducible representations trivial, sign and one of the two-dimensional irreducible representations are present in
Ds.

Dg e |rg | r3 | ro | ™| rgmW
+# 1 2|2 1 3 3
Aq 1 1 1 1 1 1
Ay 1 1 1 1] -1 -
B: 1 -1 1 ]-1]1 -1
Bs 1 /-1 1]-1]-1 1
By 2 1 |-1]-210 0
FEs 2 |-1]-1]210 0
Xp 6 | 0] O0 2 2
Xo |[21] 0|0 |21 3 3

As a consequence, the vector spaces Ela and Elag decompose as follows under the action of both groups D3 and Dg:
Ela = 2A1 D 2E2 Ela6 == 5A1 (&) 2142 (&5) 7E2

One can observe here that, for these vector spaces, both groups D3 and D¢ have the same action.

This is a general properties of even-order tensors in R?. Even-order tensors cannot see the even-order symmetry (2p + 1),
what they perceive is in fact the double-order symmetry 2(2p + 1).

In the case of Elay, Dg is not a symmetry class, and the result obtained corresponds to the isotypic decomposition for
O(2). This result can be explained by Hermann’s theorem[18], if the order of the rotational symmetry is greater than the

order of the tensor then the tensor is at least SO(2)-invariant. If it also has mirror symmetry, then it is O(2)-invariant.

Using this theorem, it is easy to determine the properties of isotropic tensors from simple calculations.
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2 Dimension of invariant tensor spaces in R?

2.2 Top-down approach

The top-down approach uses the restriction operation and the branching rules to determine, from the harmonical decom-
position of the tensor under the full orthogonal group O(2), its decomposition under the various finite subgroups of O(2).

This branching rules are presented below:

KO — Ay

K11 | = A,

K26 | = | Ay @ A,
K2+ | S [ B @ B,

Table 3.3: Branching Rule O(2) — D,

KO — A1

K-! — Ay

KBk — Al D AQ
K3k+17 K3k+2 N E

Table 3.4: Branching Rule O(2) — D3

KO — A1
K-t — As
K** — | A @ Ay
KA KR8 | E
K4+2 | B® B,

Table 3.5: Branching Rule O(2) — Dy

KO — Ay
K1 — Ay
KGk — Al ® AQ
Kﬁk-‘rl, K6k+5 N El
K6k+2, K6k+4 — E,
K6k+3 — | B, ® By

Table 3.6: Branching Rule O(2) — Dsg

Thanks to the presented branching rules, the decomposition of the fourth-order and sixth-order elasticity tensors under the

finite groups D3, D3, D4 and Dg are presented below:

G Ela dim Fixg, (G)
0(2) 2K° o K2 ¢ K* 2

D, 4A1 @ 2A, 4

D 24, @ 2F 2

Dy | 3419 A ® By ® By 3

Ds 24, ©2E; 2

Table 3.7: Restricted G-irreducible decomposition of Ela for different finite groups

The computation of the dimension of the fixed-point space gives the minimal number of independent variables necessary
to fully determine the elasticity tensor. Thanks to this computation, one can verify that, even though their isotypic
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2 Dimension of invariant tensor spaces in R?

decomposition differs, the fourth-order elasticity tensors with Dg, D3 and O(2) symmetry all belong to the same symmetry
class with a fixed-point space dimension of 2. As a consequence, a material with D3 symmetry would appear isotropic.

]Ela6

dim FiXElaﬁ (G)

0(2)

K1 ¢ 4K° @ 5K2 @ 2K* @ K6

2

Dy

12A; ® 94,

12

D3

541 ©2A, TE

5

Dy

641 ®3A; D681 D 6B,

6

Ds¢

5A1 G245 B TE,

5

Table 3.8: Restricted G-irreducible decomposition of Elag for different finite groups

2.3 Canonical form from the decompositions

We have seen that both the top-down and the bottom-up approaches lead to the same decompositions for the various finite

subgroups of O(2). From these decompositions, the canonical shapes of the elasticity tensors can be retrieved by choosing

an appropriate basis.

to be continued...
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Chapter 4 Geometry of the orbit space

(en cours)

[ Action [ Fixed-point space
' Orbit and Isotropy subgroup [ Projection operator and symmetry adapted basis

When we make a group act on a vector space, this induces a geometry on this space. Different points in the space will
have different trajectories under the action of the group of transformations, and we speak of orbits under the action of the
group. These orbits are generally very diverse, some are fixed, others discrete, and most of them describe continuous sets.
The nature of these orbits depends on the symmetry group, or isotropy group, of the point in space.

This setting has also numerous applications in stability and bifurcation theory. In fact, this theory originates from the
problem of classifying the theoretically allowed patterns of spontaneous symmetry breaking in theories where the ground
state is determined as a minimum of a G-invariant potential. This problem is transverse in physics and its formalisme
range from theoretical physics (Higgs potential) to the bifurcation issues in mechanical symmetric structure. The classical

references on this topic are the paper of Abud and Sartori [1], and the monography of Golubitsky et al. [19]

In the mechanics of materials, this theoretical framework makes it possible to study linear constitutive laws. In this context,
we talk about the geometry of tensor spaces. The classic example is the study of the space of elasticity tensors, which is a
vector space of tensors of order 4. The orbit under SO(2) of a so-called isotropic tensor will be reduced to a point and that
of a triclinic tensor will describe a 3-variety. The classification of orbit types is a classic problem, but in mechanics we tend
to talk about the determination of symmetry classes. This problem was solved in 1996 in R? by Forte and Vianello [15].
More than the result as such, the major contribution of these authors was the introduction of this geometric framework.

1 Action

Consider the action of a compact group G on a finite-dimensional vector space V of dimension V. V is called the carrier
space or the representation space. Recall that representations of G on V is a morphism from G into GL(V)

p: G — GL(V)

Definition 4.1 (Action)

The action of g € G on an element v of V expresses as

*

v =p(g)v 2

Example 4.1 (Tensorial action )
Let here T be a vector space of n-th order tensors over R%. The way elements of T are transformed with respect
to SO(2) is as follows

Definition 4.2
SO(3) acts on T through x defined by:

x:80(2) x T— T (g, T) = (8% T)iyiy...ir, = Girj1Gingz - - - Fingn Lirja--.jn




2 Orbit and Isotropy subgroups

This action is known as the standard tensorial action. In the mechanical literature it is sometimes also called
the Rayleigh product, especially in the German school of mechanics [7]. It can be noticed that the transformation
operator made from g € SO(2) and acting on a tensor of order n is a tensor of order 2n.

The fact that representations could be reduced to smaller reducible up to irreducible representations transfers to carrier

spaces and the carrier space associated to an irreducible representation is also called irreducible subspace.

Each carrier space V can be generated by a set of basis vectors g_, i =1,..,N where N is the dimension of the carrier
space. The carrier space can then be noted: V = span(?l, @ N). Note that the set of basis vectors is not unique.
Additionally, two vectors in different subspaces associated with non-equivalent irreducible representations are necessarily

orthogonal to each other. This is a direct consequence of the orthogonality conditions.

Let go‘ € V% be a vector of the irreducible subspace V* and yf € VP be a vector of another irreducible subspace
VP. Then, < Qlo‘@f >=0.

2 Orbit and Isotropy subgroups

Since we have express how G acts on V we can now consider the trajectory of point v € V under its action. This notion is
called a G-orbit.

Definition 4.3

The orbit of (or containing) v € V is

OW) ={v"=plgvl|gecG} 2

Orbits are subsets of V elements. In general different points of V behave differently under G: some points remain fixed,
while others are transformed. It results that, usually, there not a unique orbit type on V.

In the case G is a finite group, the orbit are discrete sets of points. When G is a continuous compact group, some orbits
are manifolds, while others are discrete sets of points.

Example 4.2 Consider the action of SO(3) on R3. Consider an element v € V, there are two possibilities to
consider,

1. |lv|]| # 0, and Orbg(v) is a sphere of radius ||v||, ie. dim Orbg(v) = 2.

2. |ly]| = 0, and Orb¢(v) is reduced to a single point, ie. dim Orbg(v) = 0.
The case ||v|| # 0 is said to be generic.

Example 4.3 Consider the action of O(2)(€s) on R®. Consider an element v € V of coordinate (x,y,z) with respect
to (e;, €5, e5). To ease the classification of orbits, we will consider the following functions
Lv)=2"+y% () =22

Concerning the orbit here are 4 possibilities to consider,

1. (Iy(v) > 0, J2(v) > 0), this orbit will be said to be generic. Its consists of two circles of radius /I and

located at z = ++/Js;

2. (I2(v) =0, J2(v) > 0), this orbit consists of two points along the axis 5 located at z = £+/J3;

3. (Iz(v) > 0, Jo(v) = 0), this orbit consists of a circle of radius /I located at z = 0;

4. (Ix(v) =0, J2(v) = 0), this orbit consists of a point located at the origin.
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12:7‘211'2“1’];2

Invariants :
{Jg =h2 =22

Invariants : I, =0, J, >0 Invariants : I, =0, J, =0

Figure 4.1: Caption

In the V = Ela case, the orbits of the elastic tensors define elastic materials, i.e. the elastic properties of the
material independently of its specific orientation in space. This theoretically solves the question posed by Boehler et al.
[9], namely whether or not two triclinic tensors measured in different laboratories correspond to the same material.

Being on the same G-orbit defines a equivalence relation among points of V.

Definition 4.4

Two elements v, w of V are said to be G-related, denoted v.~ w if 3g € G, w = p(g)v ie. ifw € O(v), and

conversely.

&

According to this equivalence relationship, the space V is partitioned into G-orbits.

Since p is unitary,
v e O®), (¥ = vl

meaning that each orbit is contained within a sphere, but generally does not coincide with it.

To understand the nature of the different orbits, the following notion, which characterises all transformations that leave a

vector invariant, is central.

Definition 4.5 (Isotropy subgroup)

Let v €'V, the Isotropy subgroup of v is defined as
Gy ={g € G|plg)y =y}

That is, the subgroup of G that leaves the vector v invariant. We say that v has G, symmetry.

&

This object receives many different name according to the different communities. In mathematics it is called the

isotropy subgroup or the stabilizer, in condensed matter physics it is the little group, and in mechanics it is called the
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symmetry group.

The isotropy subgroup of G is the largest subgroup that leaves the vector v invariant. As a consequence, not all

subgroups H C G are isotropy subgroups.
We have the following property
Property Since p(g) is linear, we have, for A € R*, Gy = Gy. The isotropy subgroup is constant on a ray in V.

It is important to note that in the notion of the symmetry group of an object, the orientation of the symmetry elements
is important. It results that when the vector is transformed, so does its symmetry group. This point is precised by the

following important lemma

The isotropy subgroups of orbits members are conjugate:
Gogy = 9Gyg™

To speak of the symmetry of a vector intrinsically, we refer to its symmetry class, which is the conjugacy class of its

symmetry group. Let us denote by [Gy] the conjugacy class of G,
[G] = {9Gvg™", g€ G}

The conjugcay class is constant over each orbit.

As we just see v on the same orbit have conjugate symmetry groups. It is possible to define a weaker equivalence
relationship than being on the same orbit, which consists only of having a conjugate symmetry group. This weaker
equivalence relation among elements of V is defined as follows

vew & {3g€0(d)|Gy = gGwg '} 4.1)
This relation indicates that two vectors are equivalent if their symmetry groups are conjugate.

The conjugacy class of a symmetry subgroup G, of a vector v is the symmetry class of the vector v, denoted [G,]. In
other words, two vectors are equivalent if and only if their symmetry groups belong to the same symmetry class.

Thus, the G-orbit space can be partitioned into different sets with respect to the symmetry classes of their elements.

Now let’s look at two properties relating orbits and isotropy subgroups.

Proposition 4.1

The orbit size |Orbg - v| must be a factor of |G| and is equal to the index of Gy in G (i.e. the number of cosets of
isotropy subgroups).

[
Letv = p(g)uand h € Gy.
Then
p(h)u=u

& plg~ ' plg)p(h)plg " p(g)u=1u

& p(ghg™")p(g)u = p(g)u

& p(ghg v =v
Soif h € Gy then ghg™" € G,(g)u and G (g)u = gGug ™" 0

Note that the conjugate subgroup classification serves as a useful classification of the symmetry of an orbit and is thus
sometimes referred to as the orbit-type. Thus orbits may be given a lattice structure : the lattice of isotropy subgroups.

Example 4.1 (Continued) Let consider the representation (p(2), R?) of Ds.

Three example of orbits are:
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3 Fixed-point space

Consider u = 0,
Orbp, -0 = {0} is an orbit of size 1.

1
Consider u = [0] relative to standard basis.

o fJ- ]

1
1] and let ¢ = “’2—‘/5 and § = =3 Then

1] 1] [-¢] [-6] (1] [-¢] [-], . ..
Orbp, - [11 ={ L ’[_9]’[_¢]7{l_1]’[9],[¢]} is an orbit of size 6.

Three isotropy subgroups associated with these three vectors are:

=

_1
],l \%1} is an orbit of size 3.
2

e

S

Consider u =

(Ds)g = Ds, (Ds) [, = D, (D3) 7 =1
0 1
One can observe that when the isotropy subgroup is the group itself, the only unchanged point is the origin and

the orbit is of size 1. On the contrary, when the orbit has the size of the group, the isotropy subgroup is reduced to

identity.

3 Fixed-point space

Definition 4.6 (Fixed-point space)

The fixed-point space of G is defined as the vectors v € V which are invariant under the actions of the group G:

Fixy(G) = {v € V|p(g)v = v Vg € G} Y

The fixed-point space corresponds to the set of all points in V with at least the symmetry of G. The fixed-point space

dimension can be found using the trace formula:

dim Fixy(G) = |—é| > Xo(9)

geG

where Y, is the character of the G-representation (p, V).

The fixed-point space dimension is in fact equal to multiplicity of the trivial irreducible space in the isotypic
decomposition of the vector space V: dim Fixy(G) = my with V = @gzl Mo V. This means that Fixy(G) = Eq, the

support of the trivial isotypic component.

Example 4.14 Over the 2D real physical space R?, the following fixed-point space are presented as examples:

(1)1 ) and Fix(D%Z)) = span < [_\/%] )

If one considers ( p(2), RQ, D3), the representation of the action of D3 on R2, then with the character table reminded
below, one can see that dim Fix(D3) = 0 and dim Fix(Dgl)) = dim Fix(D§2)) =1

Fix(D3) = 0, Fix(I) = R?, Fix(Dgl)) = span (

2 3)

geDg‘e rs r; @ gl
oo |2 -1 -1 0 0 0
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4 Projection operators and symmetry adapted basis

4 Projection operators and symmetry adapted basis

We introduce the projection operators onto the isotypic components of the decomposition of the vector space of any
representation. Let (p, V) be a representation of G and let p = @gil map'® be the decomposition of p into isotypic
components. The support of the isotypic component mqp(®, is Eq = maVa.

For each irreducible representation (p®),V,,), we set

a |G| ZXp(a)

geG

With X ) the character of the irreducible representation, n,, its dimension and (p, V) the representation of the
action of the group on the vector space V.
Then

1. Py is the projection of the vector space V onto E,, under the decomposition V = @gzl Eq

2. PaPs = 0a8Pa

3. if p is unitary then P, is Hermitian.

The proof of this theorem can be found onto classical textbooks on representation theory.

Note that (2) recalls that the projection operator is idempotent, meaning that P, P, = P,,.

The projection onto the identity irreducible space 1 projects onto the fixed-point space of the group. Indeed if one
takes a vector v € V and projects it onto the irreducible space E1 using the projection operator, one gets the following

vector: W = ﬁ > e p(g)v since all the characters of the identity irreducible representation are equal to 1. Then
p(h)w = ﬁ > gec P(h)p(g)y = ﬁ > weq P(k)y = w since p is a representation.

Now that we know how to project any vector onto an irreducible space, the following problem is posed: given a G-
representation (p, V), how can we find a basis ¢ of V adapted to a decomposition into irreducible representations? And
let us add the restriction that 1) be chosen so that an irreducible representation which occur more than once shall appear

every time in identical form. For instance:

[ pWV(g) |
| P D(g)

g —plg) =
p™(g)

- Y
This is more restrictive than the previous projection. To be more precise, the projection operator P, will project onto a
space of dimension equal to that of E, = m,V, whereas we are now trying to create a basis for this vector space so that
each identical space V, appears identically m,, times in the decomposition. If such a basis v is defined, it is said to be
symmetry adapted.

The following operator is a projection operator onto the ith symmetry adapted basis vector of V.

a1:|G‘ZP g7 1§Z§1’La
geG

Note that there is no summation convention on the formula given here, meaning that p;; indicates the ith component
on the diagonal of the irreducible representation matrix p.

The notion of symmetry adapted basis is often left aside by mathematical textbooks and is more often addressed in physics
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4 Projection operators and symmetry adapted basis

textbooks. It is indeed necessary in physical applications not only to project a vector onto an irreducible space but also to
be able to construct its explicit decomposition on an orthonormal basis of this space. This will have application in solid
mechanics to distinguish between the various deformation modes arising after an instability for instance.

56



[10]

[11]

[12]
[13]

[14]
[15]

[16]

[17]

[18]

[19]

[20]

(21]

(22]

Bibliography

M. Abud and G. Sartori. “The geometry of spontaneous symmetry breaking”. In: Annals of Physics 150.2 (1983),
pp- 307-372.

N. Auffray, R. Bouchet, and Y. Brechet. “Derivation of anisotropic matrix for bi-dimensional strain-gradient
elasticity behavior”. In: International Journal of Solids and Structures 46.2 (2009), pp. 440-454.

N. Auffray, B. Kolev, and M. Olive. “Handbook of bi-dimensional tensors: Part I: Harmonic decomposition and
symmetry classes”. In: Mathematics and Mechanics of Solids 22.9 (2017), pp. 1847-1865.

N. Auffray, B. Kolev, and M. Petitot. “On anisotropic polynomial relations for the elasticity tensor”. In: Journal of
Elasticity 115.1 (2014), pp. 77-103.

L. Babai and L. Rényai. “Computing irreducible representations of finite groups”. In: Mathematics of computation
55.192 (1990), pp. 705-722.

G. Backus. “A geometrical picture of anisotropic elastic tensors”. In: Reviews of geophysics 8.3 (1970), pp. 633-
671.

A. Bertram. “Compendium on gradient materials”. In: Otto von Guericke University, Magdeburg (2017).
Bilbao Crystallographic Server. Accessed Aug. 29 2023.

J.-P. Boehler, A. Kirillov, and E. Onat. “On the polynomial invariants of the elasticity tensor”. In: Journal of
elasticity 34.2 (1994), pp. 97-110.

A. P. Cracknell. “Tables of the irreducible representations of the 17 two-dimensional space groups and their relevance
to quantum mechanical eigenstates for surfaces and thin films”. In: Thin Solid Films 21.1 (1974), pp. 107-127.

B. Desmorat et al. “Computation of minimal covariants bases for 2D coupled constitutive laws”. In: International
Journal of Engineering Science 191 (2023), p. 103880.

M. Duneau and M. Gratias. Introduction a la quasicristallographie. XXX, XXX.

L. Elcoro et al. “Double crystallographic groups and their representations on the Bilbao Crystallographic Server”.
In: Journal of Applied Crystallography 50.5 (2017), pp. 1457-1477.

S. Forest. Milieux continus généralisés et matériaux hétérogenes. Presses des MINES, 2006.

F. Forte and M. Vianello. “Symmetry classes for elasticity tensors”. In: Journal of Elasticity 43 (2 May 1996),
pp- 81-108. 1ssn: 0374-3535. por: 10.1007/BF00042505.

W. Fulton and J. Harris. Representation theory: a first course. Vol. 129. Springer Science & Business Media,
2013.

A. Gelessus. http://symmetry. jacobs—university.de. accessed, 29/08/2023.

Rainer Gliige and Marcus ABmus. “A systematic approach to reduce the independent tensor components by
symmetry transformations: a commented translation of "Tensors and Crystal Symmetry" by Carl Hermann”. In:
Continuum Mechanics and Thermodynamics 33.4 (2021), pp. 1603-1620.

M. Golubitsky, I. Stewart, and D. Schaeffer. Singularities and Groups in Bifurcation Theory: Volume II. Vol. 69.
Springer Science & Business Media, 2012.

Q -C He and Q -S Zheng. “On the symmetries of 2D elastic and hyperelastic tensors”. In: Journal of elasticity 43
(1996), pp. 203-225.

G. Herzberg and B.L. Crawford Jr. “Infrared and Raman spectra of polyatomic molecules.” In: The Journal of
Physical Chemistry 50.3 (1946), pp. 288-288.

J. Jerphagnon, D. Chemla, and R. Bonneville. “The description of the physical properties of condensed matter using
irreducible tensors”. In: Advances in Physics 27.4 (1978), pp. 609-650.


https://doi.org/10.1007/BF00042505
http://symmetry.jacobs-university.de

BIBLIOGRAPHY

[23] Y. Kosmann-Schwarzbach. Groups and symmetries. Springer, 2010.

[24] K. Lux and H. Pahlings. Representations of groups: a computational approach. Vol. 124. Cambridge University
Press, 2010.

[25] R. McWeeny. Symmetry an introduction to group theory and its applications. 1963, pp. 119-143. 1sBN: 978-
0486421827.

[26] R.D. Mindlin. “Microstructure in linear elasticity, Arch”. In: Ration. Mech. And 16.1 (1964).

[27] R.D. Mindlin and N.N. Eshel. “On first strain-gradient theories in linear elasticity”. In: International Journal of
Solids and Structures 4.1 (1968), pp. 109-124.

[28] G. Rauch. Les groupes finis et leurs représentations. Ellipses Ed. Marketing, 2000.

[29] J.-P. Serre. “Représentation linéaire des groupes finis”. In: Hermann, Paris (1971).

58



BIBLIOGRAPHY

59



	1 Fundamentals of Group Theory
	1 Elementary Definitions
	1.1 Groups and subgroups
	1.2 Homomorphism
	1.3 Basic properties
	1.4 Generating sets
	1.5 Structure of groups
	1.6 Composition of groups

	2 Lattice of groups
	2.1 Lattice of subgroups
	2.2 Lattice of subgroup-classes


	2 Fundamentals of Group Representations
	1 Preliminaries
	1.1 Matrix Group
	1.2 Basic definitions

	2 Composition, decomposition and irreducibility
	2.1 Composition of representations
	2.2 Irreducible representations and Schur's Lemma
	2.3 Reducible representations
	2.4 Some irreducible representations for standard groups
	2.5 Restricted Representation

	3 Character theory
	3.1 Definitions
	3.2 Orthogonality relations
	3.3 Character tables for standard groups

	4 Extension to the orthogonal group in R2
	4.1 Definition
	4.2 O(2)-representation
	4.3 Irreducible representations
	4.4 Model spaces
	4.5 Harmonic structure


	3 Applications to tensors in mechanics 
	1 Strain-gradient elasticity law
	2 Dimension of invariant tensor spaces in R2
	2.1 Bottom-up approach
	2.2 Top-down approach
	2.3 Canonical form from the decompositions


	4 Geometry of the orbit space (en cours)
	1 Action
	2 Orbit and Isotropy subgroups
	3 Fixed-point space
	4 Projection operators and symmetry adapted basis

	Bibliography

