
Metamaterials

agnes.maurel@espci.fr
Agnès Maurel, Institut Langevin, Paris

Approches Théoriques pour les Métamatériaux 
Quiberon, 11-16 Sept. 2023



Metamaterials



Metamaterials



Metamaterials

150 séminaires en ligne depuis Juin 2020



Metamaterials

What is the definition of a metamaterial ? 

• a material engineered to have a property that is not found in naturally occurring materials

• a material with extraordinary properties (mechanical, wrt wave propagation)

The scientific activity (mechanics, physics) on metamaterials started in the 2000s 

Outline of Course 1 
• Definition of a metamaterial
• Theoretical tool to anticipate the « extraordinary » properties of 

metamaterials : the asymptotic homogenization
• Asymptotic homogenization of a microstructure in its bulk 
• Applications
 

https://en.wikipedia.org/wiki/Material
https://en.wikipedia.org/wiki/Material


https://www.lajauneetlarouge.com/wp-content/uploads/2020/01/La_Jaune_et_la_Rouge_751_34-35.pdf
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Time domain modelling of a 

Helmholtz resonator analogue for water waves


L.-P. Euvé, K. Pham, P. Petitjeans, V. Pagneux, A. Maurel

JFM 2021


The building block is a resonator
a cavity open to the sea
(a dock for close hole)

Metamaterials

Ceinture de protection (metainterface)



Metamaterials

Resonators

Docks

protected

unprotected



It is a composite material made of concrete (mixture of stones) 
in which steel is embedded.

Metamaterials

What is the definition of a metamaterial ? 

• a material engineered to have a property that is not found in naturally occurring materials

• a material with extraordinary properties (mechanical, wrt wave propagation)

The scientific activity (mechanics, physics) on metamaterials started in the 2000s 

Reinforced concrete (roughly 1850)

Outline of Course 1 
• Definition of a metamaterial
• Theoretical tool to anticipate the « extraordinary » properties of 

metamaterials : the asymptotic homogenization
• Asymptotic homogenization of a microstructure in its bulk
• Applications
 

Concrete has high resistance in compression but low resistance in bending.   
Steel is bend resistant  
Concrete and steel act together resulting in a composite material  
which resists compression but also bending.  

https://en.wikipedia.org/wiki/Material
https://en.wikipedia.org/wiki/Material


Metamaterials

What is the definition of a metamaterial ? 

• a material engineered to have a property that is not found in naturally occurring materials

• a material with extraordinary properties (mechanical, wrt wave propagation)

The scientific activity (mechanics, physics) on metamaterials started in the 2000s 

Reinforced concrete (roughly 1850). Why reinforced concrete is not considered as a metamaterial ?

Outline of Course 1 
• Definition of a metamaterial
• Theoretical tool to anticipate the « extraordinary » properties of 

metamaterials : the asymptotic homogenization
• Asymptotic homogenization of a microstructure in its bulk
• Applications 
 

There are no absolute answers to this question.

A possible reason is that an extraordinary property refers to a new physics, which defies the classical ones.  

https://en.wikipedia.org/wiki/Material
https://en.wikipedia.org/wiki/Material


Metamaterials

Outline of Course 1 
• Definition of a metamaterial
• Theoretical tool to anticipate the « extraordinary » properties of 

metamaterials : the asymptotic homogenization
• Asymptotic homogenization of a microstructure in its bulk
• Applications 
 

• Homogenization aims to replace a micro-structured medium (inhomogeneous) by an equivalent, homogeneous, one 

http://people.ee.duke.edu/~drsmith/metamaterials/metamaterials_homogenization.htm

• Why doing so ? 

same response (say voltage)

because it is much simpler theoretically to optimise the properties of a homogeneous medium than those of an inhomogeneous medium.  

• And then ? 
Once the equivalent homogenous medium has been optimised (with respect to the desired extraordinary property), you can to come back 
to the actual microstructure able to produce in practice the extraordinary property.  

this medium does not need to exist

it has a counterpart in
 the rea

l live 
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Outline of Course 1 
• Definition of a metamaterial
• Theoretical tool to anticipate the « extraordinary » properties of 

metamaterials : the asymptotic homogenization
• Asymptotic homogenization of a microstructure in its bulk
• Applications 
 

family of micro-structured media
 with some degrees of freedoms 
(material properties, geometry ….)

�!
<latexit sha1_base64="T1kEY0ouJ9UG9cJMhsN8sOJ4O8g="></latexit>

family of effective media
(homogeneous, much simpler) 

�!
<latexit sha1_base64="T1kEY0ouJ9UG9cJMhsN8sOJ4O8g="></latexit>

optimized effective medium 

�! <latexit sha1_base64="T1kEY0ouJ9UG9cJMhsN8sOJ4O8g="></latexit>

optimized micro-structured medium 

H O

H-1

homogenization optimization

Homogenization offers a one-to-one correspondance between the actual medium  
(difficult to deal with) and an equivalent one (easier to deal with). 
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Outline of Course 1 
• Definition of a metamaterial
• Theoretical tool to anticipate the « extraordinary » properties of 

metamaterials : the asymptotic homogenization
• Asymptotic homogenization of a microstructure in its bulk
• Applications 
 



Metamaterials

Outline of Course 1 
• Definition of a metamaterial
• Theoretical tool to anticipate the « extraordinary » properties of 

metamaterials : the asymptotic homogenization
• Asymptotic homogenization of a microstructure in its bulk
• Applications 
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• Can we homogenise any structure ?  NO 

 In a dynamical context, homogenization makes sense if the wavelength is (much) larger than the spacing (subwavelength micro-structures) 

Classical homogenization concerns periodic micro-structures
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�h

h ⌧ �

h ⇠ �

[Boutin et Auriault]

Effective speed



Metamaterials
• Asymptotic homogenization of a microstructure in its bulk 
 

« separation of scales » 

the homogenized problem
 

L
<latexit sha1_base64="HZ0uCHimqAU0UujK/uEVnz9AK6s="></latexit>

homogenization aims to capture the effect of the small scale in an « averaged sense »

h
<latexit sha1_base64="x8x3L43C2fxeJWh0BaFlxwxew9Y="></latexit>

the actual problem
 

L
<latexit sha1_base64="HZ0uCHimqAU0UujK/uEVnz9AK6s="></latexit>

means some averaging process during homogenization 
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�!
<latexit sha1_base64="T1kEY0ouJ9UG9cJMhsN8sOJ4O8g="></latexit>

H

homogenization

• Asymptotic homogenization of a microstructure in its bulk 
 



@u

@t
= �a rp

<latexit sha1_base64="OwsQYGLNQu868l88UBgZV8LYNik="></latexit>

divu+ b
@p

@t
= 0

<latexit sha1_base64="ywYBhnwrD7t+bxeMUoliTPh56ps="></latexit>

a vector field u(x, t)
<latexit sha1_base64="QHA7do45QZ4g72Dkrj5hGH85DTo="></latexit>

with material parameters a(x) and b(x)
<latexit sha1_base64="OE6bbH70YhrC7EnTkmE9/39DyLQ="></latexit>

�!
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continuity of p and of u · n at the interfaces
<latexit sha1_base64="2jNQyPmLwo5mAg9yydI/+9C53Z8="></latexit>

wave equation written in terms of a scalar field p(x, t)
<latexit sha1_base64="6MPymVqYyLutG/U6sJ4v6Lkhhgg="></latexit>

This wave equation applies in many contexts of waves

scalar field  
p

vector field  
u

material parameter  
a

material parameter  
b

acoustics 
(full 3d)

pressure 

p

velocity

u 

inverse of mass density 

 

inverse of bulk modulus

 

electromagnetism 
(2d polarized)

out-of-plane magnetic 
field

 H 

auxiliary field linked to the 
in-plane electric field E 

inverse of permittivity


elastodynamics 
(2d)

out-of-plane displacement

u

in-plane vector stress

  

shear modulus
 mass density

 

⇢
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B = ⇢c2
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Metamaterials
• Asymptotic homogenization of a microstructure in its bulk 
 

We shall work with the simplest wave equation :

@2p

@t2
� a

b
�p = 0

<latexit sha1_base64="SNGkoX0W1pRSnxk0I0giqGhJN4Y="></latexit>

permeability of vacuum
µ0
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We have seen that :

a microstructured medium can be replaced by an effective homogeneous medium, in general anisotropic

the maximum anisotropy is reached with a stratified medium 

Asymptotic homogenization
 

We can also show that:

the effective problem in the time domain is associated to a positive energy 



Metamaterials
Asymptotic homogenization

 

Anisotropy of stratified media in the context of water waves (the swell) 

efficiency of the effective problem
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Asymptotic homogenization

 

Faraday cage 

efficiency of the effective problem

stability of the numerics (effective problem) 
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Faraday cage

real problem homogenized problem

Asymptotic homogenization
 

efficiency of the effective problem

0
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Faraday cage

real problem

Asymptotic homogenization
 

efficiency of the effective problem

homogenized problem



Metamaterials

Faraday cage

real problem

Asymptotic homogenization
 

efficiency of the effective problem

homogenized problem
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Faraday cage

real problem

Asymptotic homogenization
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homogenized problem
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Faraday cage

real problem

Asymptotic homogenization
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homogenized problem
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Faraday cage

real problem

Asymptotic homogenization
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Faraday cage

real problem

Asymptotic homogenization
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Faraday cage

real problem

Asymptotic homogenization
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Faraday cage

real problem

Asymptotic homogenization
 

efficiency of the effective problem

homogenized problem



Metamaterials

Faraday cage

real problem

Asymptotic homogenization
 

efficiency of the effective problem

homogenized problem



Asymptotic homogenization
 

efficiency of the effective problem

Metamaterials

Faraday cage

real problem
0
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source signal 

homogenized problem
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real problem

Asymptotic homogenization
 

efficiency of the effective problem

0
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signal in the cage 
homogenized solution

actual solution

homogenized problem
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efficiency of the effective problem

real problem homogenized problem

here a stable formulation of the effective problem



stability of the numerics (effective problem) 
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Asymptotic homogenization

 

efficiency of the effective problem

real problem homogenized problem

stable formulation (associated to a positive energy)



stability of the numerics (effective problem) 
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Asymptotic homogenization

 

efficiency of the effective problem

real problem homogenized problem

stable formulation (associated to a positive energy)

unstable formulation (associated to a negative energy)



stability of the numerics (effective problem) 
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Asymptotic homogenization

 

efficiency of the effective problem

real problem homogenized problem

stable formulation (associated to a positive energy)

unstable formulation (associated to a negative energy)



stability of the numerics (effective problem) 

Metamaterials
Asymptotic homogenization

 

efficiency of the effective problem

real problem homogenized problem

stable formulation (associated to a positive energy)

unstable formulation (associated to a negative energy)

t
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Au delà de l’ordre dominant
L’anomalie de Segev
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Au delà de l’ordre dominant
L’anomalie de Segev

 

Effets de taille finie
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Spoof surface plasmons (SPPs) metamaterials



Metamaterials
• Application of the asymptotic homogenization
 
Spoof surface plasmons (SPPs) metamaterials

Surface plasmon polaritons are surface electromagnetic waves that propagate along planar interfaces with sign-changing permittivities. 
Spoof surface plasmons are a type of surface plasmon polariton, which ordinarily propagate along metal and dielectric interfaces in infrared and 
visible frequencies. 

Since surface plasmon polaritons cannot exist naturally in microwave and terahertz frequencies due to dispersion properties of metals, spoof 
surface plasmons necessitate the use of artificially-engineered metamaterials.

Spoof surface plasmons share the natural properties of surface plasmon polaritons, such as dispersion characteristics and subwavelength field 
confinement.

Wikipedia

Can we understand this gibberish ?
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• Application of the asymptotic homogenization
 
Spoof surface plasmons (SPPs) metamaterials

Surface plasmon polaritons are surface electromagnetic waves that propagate along planar interfaces with sign-changing permittivities. 
Spoof surface plasmons are a type of surface plasmon polariton, which ordinarily propagate along metal and dielectric interfaces in infrared and 
visible frequencies. 

Surface wave : solution of the Helmholtz equation �p̂+ k2p̂ = 0, k =
!

c
.

<latexit sha1_base64="04RxYNxzmwjoxef0fS7seySeTVE="></latexit>

• in an unbounded medium p̂(x) = ei↵x1 ei�x2 , ↵2 + �2 = k2.
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propagating wave <k �
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• in two media
with an interface

p̂(x) = Ae��x1 ei�x2 , x1 > 0
<latexit sha1_base64="OBcpjY+rV46WEszp8Ig4bRw74PU="></latexit>

p̂(x) = A0e�
0x1 ei�x2 , x1 < 0
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c

c’surface wave

�
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�
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��2 + �2 = k2, ��02 + �2 = k02,
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Spoof surface plasmons (SPPs) metamaterials

Surface plasmon polaritons are surface electromagnetic waves that propagate along planar interfaces with sign-changing permittivities. 
Spoof surface plasmons are a type of surface plasmon polariton, which ordinarily propagate along metal and dielectric interfaces in infrared and 
visible frequencies. 

• in two media
with an interface

x1
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p̂(x) = Ae��x1 ei�x2 , x1 > 0
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surface wave
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Spoof surface plasmons (SPPs) metamaterials

Surface plasmon polaritons are surface electromagnetic waves that propagate along planar interfaces with sign-changing permittivities. 
Spoof surface plasmons are a type of surface plasmon polariton, which ordinarily propagate along metal and dielectric interfaces in infrared and 
visible frequencies. 

• continuity relations at x1=0: Aei�x2 = A0ei�x2 ,
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• Application of the asymptotic homogenization
 
Spoof surface plasmons (SPPs) metamaterials

Surface plasmon polaritons are surface electromagnetic waves that propagate along planar interfaces with sign-changing permittivities. 
Spoof surface plasmons are a type of surface plasmon polariton, which ordinarily propagate along metal and dielectric interfaces in infrared and 
visible frequencies. 

Since surface plasmon polaritons cannot exist naturally in microwave and terahertz frequencies due to dispersion properties of metals, spoof 
surface plasmons necessitate the use of artificially-engineered metamaterials.

• metals are conductors and they have a frequency dependent complex permittivity 
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Spoof surface plasmons (SPPs) metamaterials

Surface plasmon polaritons are surface electromagnetic waves that propagate along planar interfaces with sign-changing permittivities. 
Spoof surface plasmons are a type of surface plasmon polariton, which ordinarily propagate along metal and dielectric interfaces in infrared and 
visible frequencies. 

Since surface plasmon polaritons cannot exist naturally in microwave and terahertz frequencies due to dispersion properties of metals, spoof 
surface plasmons necessitate the use of artificially-engineered metamaterials.

In the 2000s, Pendry and co-workers have shown that a corrugated metallic surface 
supports guided waves in the far-infrared and microwave, where a metal is 
associated to Neumann boundary condition. 

These guided waves were termed « Spoof Plasmon Polaritons » (SPPs). 
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can we use the homogenization to model this structure ?
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• Solution of the form 
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• As any guided wave, SPPs have being used for application to guiding

applicable now to any context of waves (EM, acoustics, elastodynamics)

subwavelength guiding as � = k
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electromagnetism
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The rainbow effect
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the wave at w1 can propagate up to z=z1, there its group velocity is almost 0,  
it is trapped at this position. 
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the wave at w2 can propagate up to z=z2, there its group velocity is almost 0,  
it is trapped at this position. 

If the signal contains a large frequency band (white light),  
each frequency is trapped at a given position (rainbow). 
higher frequencies are trapped before lower ones.
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The anti-rainbow effect for the control of seismic waves

surface waves propagate  
on the surface of the Earth under usual conditions   

1985 Mexico City (epicenter: 400 km) 
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The anti-rainbow effect for the control of seismic waves

• Rayleigh waves (in-plane displacements) 

surface waves propagate  
on the surface of the Earth under usual conditions   

• Love waves (anti-plane displacements) 



Metamaterials
• Application of the asymptotic homogenization
 
Spoof surface plasmons (SPPs) metamaterials

The anti-rainbow effect for the control of seismic waves

https://metaforet.osug.fr

a protection strategy is to deflect the waves from the area to be protected
it is not very nice for the surrounding regions
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The anti-rainbow effect for the control of seismic waves

https://metaforet.osug.fr

Philippe Roux (ISTerre - Grenoble)

a different strategy consists in converting the seismic waves  
into downward-propagating bulk S-waves  
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The anti-rainbow effect for the control of seismic waves

• Love waves (anti-plane displacements) 

Love waves can propagate on the free surface of 
a layered substrate (the Earth)  

guiding layer
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with a lower velocity than that of the soil



Metamaterials
• Application of the asymptotic homogenization
 
Spoof surface plasmons (SPPs) metamaterials

The anti-rainbow effect for the control of seismic waves

Love waves (anti-plane displacement)
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dispersion relation of the Love waves
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dispersion relation of the Love waves
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The surface wave is propagating (along z) in the layer

The surface wave is always evanescent (along z) in the soil

The surface wave is evanescent (along z) in the layer
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The anti-rainbow effect for the control of seismic waves

classical rainbow effect

Afterwards, the surface wave, of the Spps type, is supported by the trees only
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the wave slows down and it is trapped at some position

`c
<latexit sha1_base64="DJFOyIKCYmft5g5BPCDX8E1XDoo="></latexit>

`c
<latexit sha1_base64="DJFOyIKCYmft5g5BPCDX8E1XDoo="></latexit>
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<̀latexit sha1_base64="OuXNST5Lwc+ulUFAd3BK6wyKpII="></latexit>

�
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<latexit sha1_base64="mm8XNc2wxkrbexdkYkg1x1Q1PLU="></latexit>
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<latexit sha1_base64="6N79mgK/WrmWo1BVhx4KCDuoLeA="></latexit>
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<latexit sha1_base64="36QwWHa9VFFpbWmdqmsel/OMq4s="></latexit>

�s =

s

�2 � !2

c2s
<latexit sha1_base64="z6/5uFINqObgpitM7IacJiGNGYE="></latexit>

The surface wave is propagating (along z) in the layer

The surface wave is always evanescent (along z) in the soil

The surface wave is evanescent (along z) in the layer

� >
!
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<latexit sha1_base64="Udk48NBZmG2Uhh53Rjl/o+tnAgU="></latexit>

� >
!

c`
<latexit sha1_base64="WQMWJyuREfoQWnuYCJWYRHwZYC4="></latexit>
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!

c`
<latexit sha1_base64="sjKNee0JeLHAFiPWDK2WRl7BS3A="></latexit>

The anti-rainbow effect for the control of seismic waves

⇡ct
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<latexit sha1_base64="qfGKfBCJow2mXoXlxOaHuApy378="></latexit>

3⇡ct
2!

<latexit sha1_base64="Ov/6ot1xy0l29ppD0uD05wwc7d0="></latexit>

anti-rainbow effect

`m
<latexit sha1_base64="ReNR3PY855hFfXg/hk8jVXHiTp4="></latexit>

`m
<latexit sha1_base64="ReNR3PY855hFfXg/hk8jVXHiTp4="></latexit>

It is smarter to choose       such that �(`m) ⇠ �1
1

<latexit sha1_base64="VTkjtHkpKZak1qNSEMMaHHELicY="></latexit>

`m
<latexit sha1_base64="BaNt8la1eiwEQgo33FSdNpzrYVw="></latexit>

The wavenumber of the surface wave decreases up to 

`tp
<latexit sha1_base64="zVqhgpEgzaYvBaGEUt8rVblUYuU="></latexit>

`tp =
⇡ct
2!

<latexit sha1_base64="sl6VDqw9gbulXoyiwb/tFJNhFt8="></latexit>

There, it is not a surface wave anymore, as �s = 0,�s =
!

cs
<latexit sha1_base64="18mbEYUTSktBE7TvriFWzXskN2c="></latexit>

It is a wave able to propagate within the soil. 

turning point
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The anti-rainbow effect for the control of seismic waves

The theoretical analysis is based on asymptotic homogenization

actual solutions homogenized solutions

1 turning point

2 turning points


